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1 Introduction 
�

(&1&'&�2"/!-��3���!�/���-���!����!,.����-!�������-,�/������"�����!*0�.���!���#�#�!��"��!���!����4-�!��*���#���

�!-/� �*���-�5"�,-#*���",� ��!���� ���� *"���"/�� #!-6*�/��� 2"/!-��� ���� 	�!"�� ��78��� ���� 2"/!-��� ��787�� �77����

�.!-�$.� ��#*-0�6*�� �#�,�� ��!�,��!���� 2"/!-��� ��798��� "�,*��"�$� ����",� ���� �0��/",� �.�!/�*� ��!���� #!-6*�/���

2"/!-��� ��7����� �-� ,-/#-�"��� ��!�,��!���� 2"/!-��� ����	������!�!� ��7���&� 2"/!-��� ��77��� #!�������� �� ��/-���

�!�",*��-���.�**�&�
������/#��"��/����"���."��#�#�!���-�/�/-!":���."��#�!��-��."��!����!,.��,."�5�/����&�(-!��."��

�� ��� �.��/�*�"#*�� �"�*��,-�,�#�� "����-#���&�2"/!-��3��$!���� ��,,���� "��$0!-/�,.��",������ "�� �#�,��/�,.��",��

,���-��6���,,-�������-!�"���."��,-���;�&��
  
�*���",�**0����6�, $!-����"��,-��"��!���<.�!��,-�#*����"�*����,�������-�!,��������.�����<�#!-,��������5�*-#&����

�-*"��/�,.��",���*"���!��.�!/-�*���","�0�"���.��6�����;#*-!���#!-6*�/�����"�$��<.����.��"/#-�����.�!/�*���!�"��"��

,-��"��!��� �� �-�!,���"��!"6����� "�� �.�� "�-�.�!/�*� �*���",�6�, $!-���%� �.���� !����!"�$� �.��<-! ��-���60�����"��

�-!,��-���.���.�!/-�*���",��"�#*�,�/�����=��*��-��.��<-! �-���.��,-/#*�/����!0�>!���?����!�����0��",��-���-��

�.���.�!/�*���!�"��&��.���$���!�*":���!�,"#!-,"�0�!�*��"-��"��,�**���	�0��*?���-!/�*�������	�0��*���7�����������&$&��

)"�$*�!������!�,." ���7�����-!�"�����!"5��"-���!-/��.��#!"�,"#*��-��5"!���*��"�#*�,�/����������-!���5�!�*���#�,���-��

"��� ��!�,��!�*� �##*",��"-��&� ��� �!�,." � ��� �*&� ��77���� �.�� �0��/",� $���!�*":��"-�� "�� <-! ��� -��� <"�.� �.�� �"/��

,-�5-*��"-�� -�� �.�� ,-/#*�/����!0� >!���?�� ��!���� �0��",� ��!"5��� �!-/� �� ��"�� "���������-��� �-!,�� "�� �.��

6�, $!-�����<"�.��.���!���"������!�"���-�!,���� ���"��-��,,-���&�
�����"���#!-��,��� �.��	�!��@"**"�� "���$!�*�-��

"��"�"��� 6-�"���� ���� 	�!�� ��77���� <��� /���� �##*",�6*�� �-� �"�"��� �"/���"-��*� ��!�,��!��� <"�.� #!��,!"6���
�"�#*�,�/����6-����!0�,-��"�"-���-��#�!��-���.����!��,���<."*���.��!�/�"�"�$�#�!��"�� �#���!���-���!�,�"-�&� �
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��,.� �� �0��/",� 5�!�"-�� -��	�0��*?�� �-!/�*��<��� ��,,�����**0� �##*"��� �-� �.�� -����"/���"-��*�/�*�"#*�� �"�*���

�!"�"�$�"�����"/#�,������,�"*����/"�"��"�"���!-�&���#�!#-�"�"-��-���.���*���",�<�5���"���.��6�, $!-����!-���.����!��

#!-��,���60� �.�� $"5��� ���5�!��� "/#�,�� *-��� ���� ��� "�$� "��-� �,,-���� �.�� ,����*"�0� "�� �.��	�,.�#*����� 60� �.��

�-�!,��� -�� �-��,-/#��"6*�� #*���",� ��!�"�� "�,!�/����� �<"�.� �"��!"6��"-�� ���� "�����"�0� $"5��� 60� �.�� ,-���"���"5��

�=���"-�� -�� �.�� �,���*� 5"�,-#*���",� /���!"�*�� �,������� <"�."�� �.�� �!���"���� #*���",� :-���� �-*5�� �.�� �-�*"���!�

#!-6*�/�"����!/��-���.��/�*�"#*��,-�#*����"�*���������!�.�!�!����!������6*����/�!",�*��*$-!"�./��!���!��,���!�,." �

����)"�$*�!���77��&�+�,�"*����/�$��������"�6��",���#-�"�"�$�-���.���"��"#�����.����<���"�,*�����"���!�,." �����

)"�$*�!� ��778�� <"�.-��� ,-/#*",��"�$� �.�� ,-/#����"-�&� 	�*�"#*�� �"�*�� ���*0���� -�� �*���",�#*���",� <�5��� <�!��

�;��������-��.���.!����"/���"-��*�#!-6*�/�-��#-"����0//��!",��#.�!",�*�<�5����/����"�$��!-/��.���;#*-�"5�*0�

*-�������!��,��-����,�5"�0&� ��� !���!��,��(-�"������)"�$*�!� ��779��� �.���0��/",�5�!�"-��-��	�0��*?�� �-!/�*�� "��

�##*"����"��)"�$*�!�����*&���778����.�����*0�"��"��6�����-���.���-��.-/-$���-���+?
*�/6�!��<�5���=���"-��-���.��

�"�#*�,�/���� #-����"�*&� ����,��� -�� ��"�6��",�**0� ��#-�"�"�$� �.�� �"��"#����� .����� "&�&�� ,-��"��!"�$� �.�� �!���"����
�.�!/�*���!����������.��<�5���!-����#*���",���/�$�����,&���!���� ���"��-��,,-���&�(�!�.�!���!�/��",�#�*���,.��$���

�!��-6��!5���"���.��-5�!�� "�$�#!-,����-����*-��"�$�<�5���!-���&��.���;����"-���-��.!����"/���"-��*�#!-6*�/��

�<"�.-����#.�!",�*��0//��!0��"����"**�"��#!�#�!��"-�&�
��"!���!���*��"����!"5���"��)"�$*�!���������<.�!���.��<�5���

�/"������!-/���,-�,���!�����#*���",��-�!,�����0��,�������60�-5�!*-����"������,�"*��*�0�!���#*���������!�,�"5��������

��!��,�� #-"��� �!�� ,-��"��!��&� �.�� *����!� #!-6*�/� "�� 6��",� "�� �.�� ,-�!��� -��/-�"�-!"�$� ��,�"*�� ��!�,��!��� <"�.�

!��#�,���-��.��-�����-��#*���",����-!/��"-�&��"�,��#*����"���!��,����!��,-��"��!����,-/#*�/����!0�>!���?����!����

�0��",�"���.��6�, $!-����"��,-���=����*0��;#������"��-�#*����<�5��������1�-�����>�4�<� "���7��������)"�$*�!�

����-!�4 -����������-!��.��$���!�*":���!�0�"���$!�*���/"������!-/�#-"����-�!,��&�

�

(-!������"�$�<�5����"&�&��5"6!��"-��#!-6*�/���<��!���!�"���."��,-���,�"-���-��.���0��/",�#!-,������"��*"���!":���

�.�!/-�*���","�0�<.",.�.�5��6���� �;#*-!��� "������"*� ���� �.��/��.-���-�� ���*0�"�� �!��<�**� �-,�/������ "�� ��;��

6-- ������"���.��"���!���"-��*�4-�!��*��-��/�,.��",�&�	-���"/#-!����*0���.����#�!#-�"�"-��#!"�,"#*��"���##*",�6*��

�����.���-*��"-��"��,-���=����*0��#*"��"��-��.��=���"����",�-�����-�"��!�"��"���� ���"��-��,,-����������.���0��/",�

-��&������,.���,�����.���0��/",�6-����!0�,-��"�"-���6�,-/��.-/-$���-��������.��!�/�"�"�$��0��/",��-*��"-��

"���##!-;"/�����60���*-<�-!��!�/-��*��;#���"-�&��.��*"���!��*���",��.�!/�*��.-, �#!-6*�/�-����6��/�.���6����

���*0:����*-�$��.����*"����60�-*�0������!6�!���78��&��.���;����"-��-���."��,*���",�*�#�#�!��-�"�,*����#*���",�

���-!/��"-��� "�� <-! ��� -��� "�� �!�,." � ���� )"�$*�!� ��7�8�&� 2"/!-��� ��7���� �"�,������ �.�� /-��� "/#-!�����

�!�=���,0�,!"��!"-���-!��.�!/�**0�"���,���5"6!��"-���"���*���",�6��/�&��-�*"���!�5"6!��"-���-��0"�*�"�$���!�,��!����

���*0:���60�/�����-���.��$���!�*":���	�0��*?���-!/�*��������#�!��"-��-���.��!��#-�����"&�&��,-��"��!��"-��-���.��

#*���",��!"�����!���"�,������"���!�,." �����)"�$*�!���7���&�����.��,-�!���-���.����5�*-#/����-��#*���",�:-������!"�$�

�.���!���"����#.����-���-!,���5"6!��"-���-����6��/��.���;,"���"-��-��."$.�!�-!��!�/-����-���.���*���",�6�, $!-����

.���6����-6��!5��������5�*������"��!���!��,��(-�"������*&���77��&��"$.�����"�"5"�0�-���.����!�,��!�*�!��#-����<"�.�

!��#�,�� �-� �.��-�����-��0"�*�"�$���� �.���##�!�-!� *-<�!��"6�!� "��-6��!5���� "��",��"�$�<.���/�0�6��,�**���A#*���",�

,.�-�A�� ����	--�� ��7���� �-!� �.�� *����!&� +�,�"*�� ��/�$�� 6����� -��/",!-�/�,.��",�*� ,-��"��!��"-��� .��� 6����

"�,-!#-!�����"���.��/�*�"#*���"�*�����*0�"��"��(-�"������*&���77��&���,.����/��!�����,�"*����/�$��#!-,����,-�#*���

�.�� �*���",� ���� 5"�,-#*���",� ��!�"�� �"�*���� ����+���*"��� ��7���&� 1*������ �;#�!"��,"�$� �*��!���"�$� #*���","�0� ����!�

5�!"-���*-���,-��"�"-����!��,-��"��!����*-�$��.����*"����"��(-�"����77�������(-�"����77��&�

	

�-��!-*� -�� �.�� *"���!� �*���",� *-��� ���-!/��"-�� 60� "/#-���� �"$�����!�"��� �-�� �.�!/�*� -!� #"�:-�*�,�!",� -!"$"���

!�/�"�����*"���!�#!-6*�/�<.�����"�$��.��6�, $!-����,-�,�#������	�0��*?���-!/�*��������!�,." �����*&���77����-!�

,-��!-*�-���.�����*�,�"-��-����,-/#-�"���6��/&���,.����"!�,���##!-�,.����5"�$��.���-*��"-��-���.���-�*"���!��"�*��

-#�"/":��"-���<���<-! ���-���"����!/��-��,-/#��"6*��"/#-������!�"���"�*���<"�.-�����!����60��!�,." �����)"�$*�!�

��������<"�.��##*",��"-���#!��������"���!�,." �����*&��������&��-��!-*�-�����-!/��"-���������!������"���.�!/�**0�

*-�����6-�"����<"�.� ���-#�"/":��"-��#!-,���!�� �##*"���� "�� $"5���60��0��."�� ��� �*&� ������&��-� �,,-���� �-!� �.��

�0��/",�#!-6*�/�-��5"6!��"-�����"."*��"-���"��<����.-<����!�,." �����1",.*�!����������.�����0��"/��#�!�/��!":���

����",� �-*��"-�� ����",��� �-� ��##!���� �.�� 5"6!��"-��� <.��� �-!,��� 60� �"/��� ���� �#�,��� ��#�!�6*�� *-���&� �.��

�5�*���"-���"���!�,." �����1",.*�!��������5�*"�������.����!���*�������/�����.��,��,�**��"-��-���.���0��/",�*-���

��!����#-!�"-���5"����&����,�**��"-��-���/�**�5"6!��"-���<"�.�!��#�,���-���/-5"�$��!�/��"�����*0:���"���!�,." ����

�*&������������"���!�,." �����*&�������&��.!���#!-,���"�$��-��!�,�����B�
	��0/#-�"����//�!":���.���##*",��"-��

-�� �/�!��/���!"�*��� ��"���� 60��.�"��*�+"�� ����+5-!� � ��77����>�66�!�� �����:-�� ������� ����@�����6�� ����

)"�$*�!��������������*�-��!�,." �������&�

�

@"�."�� �.�� *"/"���-�� *"���!��*���","�0�� �.��/�*�"#*�� �"�*���##!-�,.��<.���#!-#�!*0� "���!#!�����0"�*���� �-!�6��/���

#*����� ���� �.�**��� ."$.�!� -!��!� �-*��"-��� "�� ��!/�� -�� �.�� ,*���",�*� �*-<�!� -!��!�� �.�-!0�� ���� �$�"�� �!�,." � ����

)"�$*�!���7���������-!��.��!����-!/�6*��#*�������!�,." �����*&������6�&�(-!�,-/#-�"�����!�,��!��������!�,." �����
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2 Reciprocity Theorems and Generalized Maysel's Formula 
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3 Nonlinear Structural Vibrations – Generalized Maysel's Formula 
 

3.1 Maysel's Formula and the Static Green's Function 
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3.2 Flexural Vibrations of Ductile Beams, Homogeneous Cross Section 
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with the result, light viscous modal damping has been added at this stage, 
 



 152

 ������������ G� ��������� ��,111 			
 ����� ��	�	�	 �����      (3.15) 
 

���,����-���.��*���!�*�*-���"�,!�/���� � � � � � ��� �� 3
�

� �	 ���.��,*���",�*�#�!�","#��"-����,�-!�!���*����

 

 � � � ��;
�

�  � ,
�

�� �� �           (3.16) 

 

�.���-�!,���-���"$����!����#!-��,�� �.��=���"����",����*�,�"-���
� �� � � �� � � ��� �� � �� ��� 	�	 D �������.-<�5�!��

!����!��.���-�,*���",�*�#�!�","#��"-����,�-!��
 

 � � � �� ��;
�

�
 � ,

�
�

���

�� 	� � ��	         (3.17) 

 

�.�� =���"����",� ���*�,�"-��   w0(S)
� ,��� 6�� ����!/"���� 60� ��0� ,-//-�� ���� ���","���� /��.-��� �.�� "�,!�/����*�

,-��!"6��"-��-���.��#*���",��-�!,���"��6�������,!"6���60�	�0��*?���-!/�*���!�"������;"��-���0//��!0�-���.��,!-���

��,�"-����!���"���������� ����-�����.��"/#-����,�!5���!���
 

�
� �� � � � � � � � � ��
D

�
��D

E


�
!!

4
�� & �

�

�
� ������ �� 	�		�	 �

�� � ���&����

�


����6��/�<"�.�����"�-!/*0��"��!"6������"/��.�!/-�",�*-���� � � � ����� 3 �
� � ��-��!���,������"$�����-!,"�$�

�!�=���,0�� �G�G � �		 �� � � � � ��5�� 	�"�
� � ��"&�&���<"�,.���-������"/��:�!-����!5������"**���!��"5���;�/#*��

����<���,-��"��!���"������"*�"��(-�"������*&���77����<"�.��.���-**-<"�$�#�!�/���!���� ���"��-��,,-����
�

   ��n = 0.02, E / �Y = 2000, E / E = 1 / 9, l / h = 20, � �Y
2 = 50, Dcr = 0.95, pl3 / EJy = 1 . 

�

�
("$�!���%��-��"/���"-��*���$��/-/����-������,�"*�����6��/�5�!�����-��"/���"-��*�,�!5���!�&���,,���"5��

� ���$!����"-�������-���,�"*����/�$��"��,0,*",�#*���","�0�"**���!����&�(-�"������*&���77��&�

�

���("$�!������.����$��/-/����,�!5���!���"�$!�/�"���.-<���-$��.�!�<"�.���� ��,.�-���.�����6��/&����("$�!�����

�.����!",./����-���.���#�,�!�/�-5�!��.����*"/"�����*���",�-���"��"��",����&�



 153

�
 

Figure 2: Nondimensional spectrum of the mid-span deflection. Forcing frequency is 50% above the basic linear  
                frequency. Left: unlimited elastic. Right: plastic zone has developed. Fotiu et al. (1990). 
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3.3 Flexural Vibrations of Ductile Composite Beams 

3.3.1  Symmetrical Layering 
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Figure 5: Individual cross-sectional rotations in single layer theory compared to the rough approximation of the 

                 equivalent-single-layer approximation, l / h = 4. Adam and Ziegler (1997b). 
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Figure 6: Nondimensional bending stress distribution in lower half of cross-section, unloading effect in face 

                    exhibited. Adam and Ziegler (1997b). 
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Figure 7: Nondimensional axial displacement of the tip of the lower fiber. Adam and Ziegler (1997b). 
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3.3.2. Nonsymmetrical Layering. Interface Slip 
�
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Figure 8: Two layer cross-section with elastic interface. Stress resultants at positive cross-section. Adam et al.  
        (2000). 
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allows for a convergent modal expansion of the latter for all the relevant stress resultants, and thus becomes 
necessary for rendering a useful solution. In Adam et al. (2000), the integral representation, 
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has been applied, where � � 	�"�� ��
 �

�  are the "thermal" Green's deflections at point  x  initiated by single unit 

curvatures �
��  and � ��

�
�� , respectively applied at  � . 

  

 

 
 

  l = 50 mm
z

y
x   w(x,t)

 

1

2

  h1 = 0.15 mm

  h2 = 0.30 mm

  b = 1.0 mm

 ��0

�

Figure 9: Sudden heating of the upper layer. Dimensions of SS-beam shown. Adam et al. (2000). 
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The complementary dynamic modal series exhibits accelerated convergence for deformations, 
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Figure 11.2: Convergence of complementary dynamic modal series of interfacial shear stress. Adam et al.  
                     (2000). 

�

�

�

�

�

�

�

�

�

�



 161

4 A Direct Approach to Shape Control of Linear Elastic Structures 
�
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4.1  Static Shape Control by Eigenstrain without Stress 
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4.1.1  Force Load 
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4.1.2  Identification of Impotent Eigenstrains 
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4.2  Static Control of Deflections of Beams 
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4.3 Shape Control of Discretized or Discrete Structures 
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The solution of Eq. (4.19) is to be done by the efficient algorithms developed for inverting the stiffness matrix. 
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4.3.1  Truss Field with Single Redundancy, Force Load Specified 
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Figure 12:  Single redundant truss field under specified self-equilibrating external load F  
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4.3.2  Shape Control of a Truss Field with Single Redundancy and the Nilpotent Strains 
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have been applied consecutively with the global nodal coordinates taken into account in the differences, 
 

x ji � x j – xi,   y ji � y j – yi          (4.27) 
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Figure 13:  Single redundant truss field, variable stiffness of all six rods, statically determinate support and 

                        global coordinates illustrated. 
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4.3.2.1  Decomposition of Imposed Eigenstrains 
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4.4 The Dynamic Problems of Shape Control 
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4.4.1  Suppression of Force-induced Small Vibrations about an Equilibrium State 
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4.4.1.1  Force-induced Small Vibrations about an Equilibrium State 
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4.4.1.2  Eigenstrain-induced Small Vibrations and Dynamic Shape Control 
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4.4.1.3  Illustrative Example: Suppression of Forced Vibrations 
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Figure 14:  Thick square plate of unit length, under uniform load, in plane strain. Static results for unit force load  

                 of scaled principal strains and quasistatic impotent eigenstrains in nine points. Coordinates of Point  
                  P5, 0.5,0.75� � 
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Figure 16:  Nondimensional transient vertical displacement at point P5. 
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Figure 17: Nondimensional transient horizontal displacement at the edge point P2. 
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Figure 18: Nondimensional transient vertical displacement at the edge point P2. 
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Figure 19:  Nondimensional transfer function of the horizontal displacement in point P5 . 
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Figure 20:  Nondimensional transfer function of the vertical displacement in point P5. 
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Figure 21:  Nondimensional transfer function of the horizontal displacement in the edge point P2. 
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Figure 22:  Nondimensional transfer function of the vertical displacement in the edge point P2. 
�
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5 Elastic-Plastic Waves. Application of the Dynamic Maysel's Formula 
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5.1 Uniaxial Waves 
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Figure 23: Acoustic emission from a local plastic source in a semi-infinite rod, stress wave and reflection shown. 
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Figure 24: Transducer in receiving mode attached to a rod with a local plastic event. Stress wave of Green's 
                      function of the second kind, carrying all information on the background wave guide, illustrated, for  
                      convolution with the plastic strain increment 
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5.2 Waves Emitted from a Localized Plastic Source in a Layered Plate or Half space 
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Figure 25: P-wave emitted from a vertical single surface force and received at a buried receiver (where a local   
                plastic source is expected). A plastic interlayer slip requires the limit of receiver depth taken to the 

                    layer thickness, �  z� h . 
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�

  Ss,x �
  gs �

 ��xy
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/ s
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1 – Rs,yS,y 2i� + Rs,y P –2�� + Rs,y S,z –2 + �2 – �2
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  gs �

 ��xy
Sz / s 2

�
�  

1 + Rs,z S,z –2 + �2 – �2 – Rs,z S,y 2i�
�

  Ss,z �
  gs �

 
 

Table 1: Stress receiver functions at interior (plastic source) point,   �� = � C2
. 
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