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Abstract

The Single-Picker Routing Problem (SPRP) arises in warehouses when items have to be retrieved
from their storage locations in order to satisfy a given demand. It deals with the determination of
the sequence according to which the requested items have to be picked in the picking area of the
warehouse and the identification of the corresponding paths to be travelled by human operators (order
pickers). The picking area typically possesses a block layout, i.e. the items are located in parallel
picking aisles, and the order pickers can only change over to another picking aisle at certain positions
by means of so-called cross aisles. Using this special structure, Scholz et al. (2016) developed a
model formulation whose size is independent of the number of locations to be visited. They presented
the model for a single-block layout and briefly described how it can be extended to the case of
multiple blocks. However, by extending this formulation, the number of variables and constraints is
multiplied by the number of blocks and, therefore, the model is not suitable for solving the SPRP in
warehouses composed of several blocks. In this paper, the extension to multiple blocks is considered
and it is pointed out how to drastically reduce the size of the formulation. Depending on the storage

locations of the requested items, the number of variables can be decreased by up to 96%.
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2 A Model Formulation for the Single-Picker Routing Problem in a Multi-Block Layout

1 Introduction

Warehousing is a critical part of a company’s supply chain. Warehouses are necessary to coordinate
product flows, to buffer products for a certain time period and to provide customers with requested
items (Roodbergen & de Koster, 2001). Every day, a warehouse receives a high amount of items
in large lot-sizes which have to be stored and redistributed in small volumes based on thousands
of daily customer orders. Bad warehouse performances can cause severe impacts on a company’s
competitiveness through low levels of customer satisfaction and high costs (Wischer, 2004). Among
the different operations executed in a warehouse, order picking is the most critical one as it is the core
of the product flow. Studies have shown that up to 55% of the costs in a warehouse can be allocated
to order picking (Tompkins et al., 2010), which deals with the retrieval of requested items from their
storage locations in the warehouse (Petersen & Schmenner, 1999). The large proportion of the order
picking costs can be attributed to the fact that in many warehouses, human operators (order pickers)
are assigned to execute the picking process. This process is mainly composed of traveling through the
warehouse, searching for the respective items and picking them from their storage locations, whereof

traveling consumes approximately 50% of the total working time of a picker (Tompkins et al., 2010).

In order to reduce the travel time, different procedures can be applied which are improving the allocation
of the articles in the warehouse (storage assignment), grouping customer orders into picking orders
(order batching) and determining a sequence, in which the order picker can retrieve the items by covering

only a short distance (picker routing).

The last mentioned procedure is part of the so-called Single-Picker Routing Problem (SPRP) which
deals with finding a tour of minimum length including all storage locations of requested items (Scholz
et al., 2016). The SPRP is characterized by the special arrangement of the storage locations in the
warehouse which typically follows a so-called block layout (Roodbergen, 2001). Ratliff & Rosenthal
(1983) and Roodbergen & de Koster (2001) developed exact algorithms for the SPRP in warehouses
composed of one and two blocks, respectively. However, no efficient algorithm is available for the SPRP

in warehouses with more than two blocks (Roodbergen, 2001).

Scholz et al. (2016), therefore, designed a model formulation for the SPRP which can be applied to a
block layout with an arbitrary number of blocks. They presented the model for a single-block layout and
then demonstrated how to extend it to multiple blocks. However, the extension of this formulation leads
to a model whose size is multiplied by the number of blocks which may result in increasing computing

times and a restricted applicability of the model to SPRPs in warehouses with multiple blocks.
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Especially when applied to problems in which only few items have to be picked in a relatively large
warehouse, the model formulation of Scholz et al. (2016) leads to quite unsatisfactory results. In order
to improve the performance of this approach and to make it applicable to layouts with a larger number
of blocks, several possibilities to reduce the size of the mathematical model are considered in this paper.
By applying the proposed reduction, it is shown that the size of the model formulation (in terms of

number of variables) can be decreased by up to 96%.

The remainder of this paper is organized as follows: The SPRP is introduced in the next section. As
it is the basis for the mathematical model, Section 3 contains a brief review of the graph construction
according to Scholz et al. (2016). Different circumstances are then considered under which the size
of the graph can be reduced significantly (Section 4). Section 5 comprises the core elements of the
mathematical model for the SPRP which is designed based on this graph. The paper concludes with a
summary and an outlook on further research given in Section 6. The complete model formulation with

its several hundred types of constraints is included in the appendix.

2 The Single-Picker Routing Problem

The SPRP represents a special case of the well-known Traveling Salesman Problem (TSP). It consists of
finding a tour through the warehouse which starts and ends at the depot and includes the locations of all
requested items (pick locations). The tour is performed by an order picker who walks or drives through
the warehouse using a picking device and collects the requested items which are specified by customer

orders.

The special characteristic of the SPRP can be found in the arrangement of the storage locations in the
warehouse which typically follows a block layout. According to this layout, two different types of aisles
have to be distinguished, namely picking and cross aisles. Picking aisles run parallel to each other and
have to be entered by the order picker in order to retrieve items. Items are stored in racks arranged on
both sides of these picking aisles. Cross aisles do not contain any storage locations, but they enable
the order picker to enter and exit a picking aisle or to switch between picking aisles. Furthermore, they
divide the warehouse into blocks, whereby a block is defined as a part of the warehouse located between
two adjacent cross aisles. Correspondingly, a part of a picking aisle between two adjacent cross aisles
is denoted as a subaisle. Thus, a warehouse with g+ 1 cross aisles can be divided into g blocks and
includes g - m subaisles, whereby m denotes the number of picking aisles. The corresponding layout is

called a g-block layout.
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In Fig. 1, a two-block layout with 5 picking aisles is depicted. The rectangles represent the storage
locations, while the black rectangles are the pick locations. In this example, the depot is situated in front
of the leftmost picking aisle and the blocks are enumerated in ascending order, whereby block 1 is the
block nearest to the depot. As mentioned before, a warehouse following a two-block layout contains
three cross aisles, namely the front, the rear and a middle cross aisle. The front (rear) cross aisle
represents the cross aisle which is nearest (farthest) to the depot. A middle cross aisle separates two

blocks from each other and has to be used to change over from one block to another.
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Fig. 1: Two-block layout

Traveling consumes a major part of an order picker’s working time, while other components (such as
setup times at the depot or picking times at the racks) can be considered to be constant (Caron et al.,
2000), as they are independent of the sequence in which the items are picked. Therefore, minimizing
the total travel time is a common objective when dealing with the SPRP. Assuming the travel velocity to
be constant, the travel time is a linearly increasing function of the travel distance (Jarvis & McDowell,

1991), which means that minimizing the travel time is equivalent to finding a tour of minimum length.

Thus, the SPRP can be defined as follows (Scholz et al., 2016): Given a set of items to be picked from
known storage locations, in which sequence should the locations be visited such that the total length of

the corresponding tour is minimized?
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3 Graph for the SPRP defined by Scholz et al. (2016)

Scholz et al. (2016) developed an approach to deal with the SPRP in a general block layout with an
arbitrary number of blocks. This approach is based on a mathematical programming formulation which
is obtained by applying a TSP formulation of Gavish & Graves (1978) to a problem-specific graph

representing the special structure of the underlying layout.

The authors first used an observation of Burkard et al. (1998) who demonstrated how the SPRP can be
formulated as a Steiner TSP. A Steiner TSP is a variant of the TSP in which the set of vertices V can be
divided into the two sets P and V' \ P. Thereby, the set P includes the vertices which have to be visited.
Vertices contained in the set V \ P are Steiner points and are allowed to be skipped. In contrast to the

TSP, all vertices are allowed to be visited more than once in a Steiner TSP.
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Fig. 2: Illustration of a Steiner TSP

A representation of the SPRP as a Steiner TSP is given in Fig. 2. The black vertices are the vertices
which have to be visited, i.e. the vertices contained in the set P. These are the pick locations and the
location of the depot. The white vertices represent the Steiner points which do not have to be used. As
for the SPRP, these vertices are the intersections between the picking aisles and the cross aisles. Some
of these intersections have to be used in order to enter or leave a subaisle. However, since intersections
are allowed to be used more than once and, furthermore, not all subaisles necessarily contain requested

items, some intersections may not be included in the tour.
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Due to the block layout and the resulting missing connections between requested items located in
different subaisles, the representation of the Steiner TSP leads to a quite sparse graph. Scholz et al.
(2016) additionally considered the movements of an order picker within a subaisle which can be
executed in an optimal tour. For constructing an optimal tour, only six possibilities (see Fig. 3) have to

be taken into account for collecting items within a subaisle (Ratliff & Rosenthal, 1983).
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Fig. 3: Movements within a subaisle to be considered for constructing an optimal tour

The order picker can traverse the whole subaisle by entering it from an adjacent cross aisle, visiting the
pick locations in that subaisle and leaving it via the other adjacent cross aisle (see Fig. 3 (1) and (2)).
Another possibility is to enter and leave a subaisle twice using both adjacent cross aisles. In an optimal
tour, this can only be done in such a way that the non-traversed part of the subaisle corresponds to
the largest gap which is defined as the largest distance between two adjacent pick locations or a pick
location and the adjacent cross aisle. In this case, the order picker enters the subaisle from a cross aisle
and returns when he reaches the largest gap. Later, the same procedure is applied using the other cross
aisle (see Fig. 3 (3)). The last possibility to collect the requested items in a subaisle is to use the same
cross aisle for entering and leaving the subaisle. In this case, the picker enters the subaisle, retrieves all
requested items and returns at the pick location which corresponds to the largest distance to the cross
aisle from which the subaisle has been entered (see Fig. 3 (4) and (5)). If no requested items are located

in a subaisle, the subaisle does not have not to be entered at all (see Fig. 3 (6)).

Thus, instead of considering all pick locations and Steiner points, only six vertices are necessary to

represent a subaisle (Scholz et al., 2016). These vertices correspond to (see Fig. 3):
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(a) the intersection between subaisle i and an adjacent cross aisle (vertices [i, f] and [i,D]),
(b) the two pick locations defining the largest gap (vertices [i,2] and [i,3]) and

(c) the pick locations nearest to an adjacent cross aisle (vertices [i, 1] and [i,4]).

Fig. 4: Graph for a SPRP with two blocks and five picking aisles

Based on this observation, Scholz et al. (2016) were able to construct a graph for the SPRP whose
size is independent of the number of pick locations and only dependent on the number of picking

aisles. The graph is obtained by introducing the vertices and arcs depicted in Fig. 3 for each subaisle.
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Furthermore, arcs representing movements in cross aisles are added. In a second step, in order to apply a
TSP formulation to this graph, they modified the graph to ensure that each vertex is visited at most once
by copying each vertex several times. The number of copies is determined based on how often a vertex
can be visited in an optimal tour. This leads to one copy for each vertex representing a pick location,
two copies for vertices in the front or the rear cross aisle and three copies for vertices corresponding to
intersections between a subaisle and a middle cross aisle. The resulting graph is depicted in Fig. 4.

The vertices are denoted in the following way: The first entry indicates the direction in which the tour
can be proceeded after visiting the vertex. Thereby, "r" and "I" symbolize that the next step will be a
movement to the right and to the left, respectively. Movements towards the rear and the front cross aisle
are indicated by "u" ("up") and "d" ("down"). The second component is the number of the picking aisle to
which the vertex corresponds. The leftmost picking aisle is denoted as picking aisle 1 while the rightmost
aisle is picking aisle m. For vertices corresponding to pick locations, the third component characterizes
the number of the block and, furthermore, these vertices have a fourth component indicating the position
of the vertex in the respective subaisle. The third component of vertices representing an intersection
between a subaisle and a cross aisle indicates the number of the cross aisle. The cross aisles are

enumerated from 1 to p+ 1, where p is the number of blocks and cross aisle 1 is the cross aisle nearest

to the depot. Finally, vertex "0" represents the location of the depot.

4 Considerations to reduce the size of the graph

The size of the resulting graph is only dependent on the number of picking aisles and not on the number
of pick locations, which is an advantage if a lot of items have to be collected. Scholz et al. (2016)
demonstrated that the resulting model formulation clearly outperforms general TSP or Steiner TSP
formulations if the ratio n/m (whereby n is the number of pick locations and m denotes the number of
picking aisles) is not too small. They tested their model formulation on problems with a single-block
layout and pointed out that the advantage of the formulation diminishes when only a few items have to
be picked per picking aisle. This can be explained by the fact that each picking aisle is represented by
a constant number of vertices regardless of the number of pick locations in this aisle which may not be
a huge problem for the case of a single-block layout. However, when considering a multi-block layout,
a picking aisle consists of several subaisles each of which requiring a constant number of vertices to
be represented. When dealing with a layout including p blocks, the size of the graph (in terms of the

number of vertices and arcs) is approximately multiplied by p. Since each arc results in a binary and a
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real valued variable in the model formulation of Scholz et al. (2016), the size of this formulation will
strongly increase if a larger number of blocks is considered which may result in a limited applicability

of the model.

Therefore, we now focus on some possibilities to drastically reduce the size of the graph. We will first
show how the graph can be reduced to a "pyramid structure” by removing all vertices from the graph
corresponding to certain subaisles. Second, we will deal with some special cases in which the pick
locations are distributed over a subaisle in a certain manner and demonstrate how the pick locations can

be represented by using less vertices and arcs.

4.1 The pyramid structure

In large warehouses containing a high number of racks (and subaisles), lots of different articles can be
stored. However, if articles are randomly assigned to storage locations, order picking tours may become
quite long. In order to reduce the distance to be covered for retrieving requested items, other procedures
for the assignment of articles to storage locations are applied. The class-based storage assignment is one
example for those procedures in which articles with a high expected demand are stored near the depot
(Petersen & Schmenner, 1999). Since articles assigned to storage locations far away from the depot have

a very low demand, only subaisles close to the depot have to be visited in most tours.

When constructing an optimal order picking tour, generally all subaisles have to be considered in order to
not exclude tours which might be optimal ones. However, if no subaisle located far away from the depot
includes requested items, the order picker will never visit this part of the warehouse and, therefore, it
may be possible to exclude these subaisles but still guaranteeing to find an optimal tour. In the following,
it is shown which criteria have to be fulfilled to ensure that no optimal tour is excluded when a certain

subaisle is removed from the graph.

Let B={1,...,p} be the set of blocks and %q the rightmost subaisle of block g € B containing at
least one requested item. Furthermore, let 7, denote the rightmost subaisle of block ¢ € B which has
to be included in the graph in order to construct an optimal order picking tour. Obviously, it must hold

my > Zq for each block g € B since each subaisle containing a requested item has to be visited.

Another reason for a subaisle to be visited is to change over to another cross aisle in order to go to an
adjacent block. Consider a SPRP with .#| = .#3 = m and .#> = m— 1 with m € {2,...,m}. If the
order picker visits subaisle m of block 1 and then has to go to subaisle m of block 3, the shortest path

would be to traverse subaisle m of block 2. Removing this subaisle from the graph would cause a detour,
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although both, this subaisle and all other subaisles of this block located on the right of this subaisle, do
not contain requested items. Thus, a subaisle of a block g € B must not be removed if both, the adjacent
lower and upper block, include subaisles which have to be considered and are located further on the

right, i.e. if it holds ./, > M g and M 411 > M .

By using this observation, the size of the graph can be reduced introducing a pyramid structure, which
means that 7, is determined by solving the following mathematical program for each block ¢ € B

(whereby m, 11 :=0).

min 771 (D
iy > M, (2)
My > Mgy 3)

The obejctive function minimizes the index of the rightmost subaisle to be considered in block g.
Constraint (2) guarantees that no subaisle of block g containing at least one requested item is removed
from the graph. The pyramid structure is constructed by constraint (3) which ensures that the index of
the rightmost subaisle to be considered is not larger for block ¢+ 1 than for block g. This constraint

guarantees that no optimal solution is excluded by removing subaisles of block g from the graph.

Since 71,41 = 0, the optimal solution for block p is 711, = .# ,,. Then, m, can be determined successively

for the other blocks ¢ € B\ {p}:
My =max { M g Mgy} 4)

An analogue procedure can be applied to subaisles located in the first subaisles of a block. Let .#, be
the leftmost subaisle of block ¢ € B containing a pick location and m,, the leftmost subaisle of block
g € B which has to be considered for constructing an optimal tour. With the same line of argumentation
as above, we now determine m, for each block g € B which results in m, = M , and for each block
g € B\ {1,p} we obtain

:min{ﬂq; mq+1}. )

ny

The only difference between these two procedures can be seen in the first block. As for the determination
of my, formular (4) is applied, formular (5) cannot be used to compute m;. Since we assume that the
depot is located in front of the leftmost picking aisle, subaisle 1 of the first block has to be considered
ensuring a connection to the depot. Thus, even if the first picking aisle does not contain any pick

locations, 7711 has to be set to 1.
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After determining m, (m,) for each block ¢ € B, all subaisles of each block g located further to the right
(left) than subaisle m, (mq) are removed from the graph. When removing a subaisle i (1 < i < m) of
block ¢ € B\ {1, p} from the graph, all arcs corresponding to movements in this subaisle are deleted
resulting in a reduction of 18 arcs. Since this subaisle will not be entered in an optimal tour, the vertices
[u,i,q] and [d,i,q+ 1] are not needed anymore leading to a reduction of another 6 arcs. Furthermore,
due to the pyramid structure, the part of cross aisle g+ 1 situated directly above subaisle i does not have
to be used in order to construct an optimal tour. The vertices [r,i,¢g+ 1] and [/,i,q + 1] and the remaining

6 arcs adjacent to one of these vertices can thus be removed from the graph as well.

Summing up, by applying this procedure, we reduce the size of the original graph by approximately

¥ 30- [(m,— 1)+ (m—7m,)] arcs while ensuring that no optimal order picking tour is excluded.
qeB

4.2 Special cases of item distribution

The model formulation of Scholz et al. (2016) works very well for SPRPs with a large number of
requested items compared to the number of subaisles since eight vertices are always used to represent
the pick locations in a subaisle regardless of the real number of pick locations in that aisle. If less vertices
are required for describing the pick locations, Scholz et al. (2016) introduce some dummy vertices.
Though this procedure ensures that the size of the graph is completely independent of the number of
pick locations, many vertices and arcs may be required for representing only a few pick locations. When
dealing with a single-block layout, this fact has not to be considered since the number of pick locations
per subaisle is usually sufficiently large in this situation. However, in the case of multiple blocks, the
number of subaisles is multiplied by the number of blocks and the pick locations are distributed over a
large number of subaisles. Thus, lots of dummy vertices and arcs will be introduced if the approach of

Scholz et al. (2016) is applied increasing the size of the resulting model formulation.

In the following, we consider different cases in which the number of vertices and arcs required for
representing the pick locations in a certain subaisle can be reduced. For the sake of simplicity of
exposition, we will focus on a subaisle i of block ¢ € B\ {1, p} with my <i<TMgy. In the standard
case, 8 vertices are used for representing the pick locations and the graph includes 18 arcs incident to at
least one of these vertices (see Fig. 4). Since two variables are introduced in the formulation of Scholz

et al. (2016) for each arc, we focus on the reduction of the number of arcs contained in the graph.

The largest reduction can be observed when a subaisles does not contain any pick locations. In this case,

arcs are only required in order to ensure that this subaisle can be used to switch over to an adjacent cross



12 A Model Formulation for the Single-Picker Routing Problem in a Multi-Block Layout

aisle. On the left hand side of Fig. 5, the subaisle including the storage locations is depicted while the
corresponding part of the graph is shown on the right hand side. For entering the cross aisle, either the
vertex [u,q,i] or [d,q+ 1,i] has to be visited. The order picker then can proceed his tour by going to
the left, to the right or by entering a subaisle of an adjacent block. In order to represent these possible

moves, 6 arcs are needed which gives a reduction of 12 arcs per subaisle.
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Fig. 5: Special Case 1 - Subaisle containing no pick locations

Another reduction of the number of arcs can be obtained by considering the location of the largest
gap in a subaisle. If the largest gap lies between cross aisle ¢ and the adjacent pick location, then the
vertex [u,q,i] and the vertex pair ([u,q,i,2],[d,q,i,3]) will represent the same location (see Fig. 4). In

this case, the pick locations in this subaisle can be represented by only using two vertices (see Fig. 6).
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Fig. 6: Special Case 2 - Subaisle with largest gap between a pick location and the adjacent cross aisle
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Vertex [u,q,i, 1] represents the pick location nearest to cross aisle ¢ which also defines "the end" of the
largest gap. The location of the requested item farthest from cross aisle ¢ is given by vertex [d,q,i,1].
In this case, we have single vertices and no vertex pair which means that the distance to vertex [u, g, i
may be different for both vertices. This is caused by the fact that applying a move regarding the largest
gap strategy (see Fig. 3 (3)) is the same as performing a return strategy from cross aisle ¢+ 1 (see
Fig. 3 (4)) here. For representing such a subaisle, 10 instead of 18 arcs are required. The same line of

argumentation holds if the largest gap lies between cross aisle g + 1 and the adjacent pick location.

A very simple possibility to reduce the size of the graph arises when only two pick locations are
contained in a subaisle while the largest gap lies between these two locations. Then, a vertex pair is
introduced for each pick location and the arcs are chosen in such a way that all strategies included in

Fig. 3 can be performed. 14 arcs are needed to represent a subaisle in this case (see Fig. 7).

cross aisle

cross aisle
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Fig. 7: Special Case 3 - Subaisle with two pick locations and largest gap between them

A slight reduction of the size of the graph can be achieved when the pick location adjacent to cross
aisle ¢ defines "the beginning" of the largest gap in this subaisle. Considering the standard case depicted
in Fig. 4, the vertex pairs ([u,q,i,1],[d,q,i,4]) and ([u,q,i,2],[d,q,i,3]) would define the same location
and, therefore, one pair can be neglected. The resulting representation of a subaisle can be seen in Fig. 8.
By removing a vertex pair, two arcs can be removed from the graph as well, resulting in 16 instead of

18 arcs required for representing such a subaisle.

Analogously, two arcs can be removed when the pick location adjacent to cross aisle ¢+ 1 defines "the
end" of the largest gap. This case is denoted by special case 5. The only difference to special case 4

is that the arc between the vertices [d,q+ 1,i] and [u,q,i,2] is replaced by an arc between [u,q,i] and
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[d,q,i,2] which is caused by the changing of the position of the largest gap.

cross aisle

cross asle

block
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cross aisle

Fig. 8: Special Case 4 - Subaisle with largest gap between the two pick locations nearest to cross aisle g

4.3 A comparison between the initial and the reduced graph

The initial graph for the SPRP depicted in Fig. 1, which is constructed according to the approach of
Scholz et al. (2016), includes 217 arcs (see Fig. 4), while the size of the graph is neither dependent on

the number nor on the location of the requested items.

Applying the considerations above, we can first reduce the size of the graph due to the pyramid structue.
In block 2, only the second and the third subaisle contain requested items which results in .#, = 2 and
M > = 3. The fourth subaisle is the rightmost subaisle with pick locations in block 1 and, thus, ./# | = 4.
Since the depot is located in front of picking aisle 1, .#, is equal to 1. Applying formulas (4) and (5)
then leads to m; = 1, my = 2, m; = 4 and m, = 3 which implies that vertices and arcs corresponding to

subaisle 5 of block 1 or to the subaisles 1, 4 and 5 of block 2 can be removed from the graph.

Considering the special cases of item distribution, further vertices and arcs can be identified which
are removable. Starting with block 1, the largest gap in the leftmost subaisle is situated between the
pick location nearest to the front cross aisle and an adjacent pick location which is special case 4. The
analogue case (special case 5) can be observed in subaisle 2. The next subaisle does not contain any
requested items and, therefore, can be treated according to special case 1. The rightmost subaisle to

be considered in this block follows the standard case in which the pick locations defining the largest
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gap and the pick location nearest to the cross aisles represent different locations which implies that no
vertices and arcs can be removed here. In block 2, the subaisles follow the special cases 2 (subaisle 2)
and 3 (subaisle 3) since the largest gap is located between a pick location and the adjacent cross
aisle (subaisle 2) or between two pick locations while only two pick locations exist in this subaisle
(subaisle 3). The resulting reduced graph is depicted in Fig. 8 and contains 98 arcs which is a reduction

of 55% compared to the original graph.

Fig. 9: Reduced graph for a SPRP with two blocks

For a more general investigation of the impact of the reduction, we consider the largest problem class
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from the numerical experiments conducted by Scholz et al. (2016). They deal with a single-block layout
with up to 30 picking aisles and 90 pick locations. Extending the graph to a multi-block layout, it
includes 1418 (two-block layout) or 2126 (three-block layout) arcs. Since the size of the reduced graph

is dependent on the location of the requested items, we can only provide worst and best case reductions.

According to the pyramid structure, the worst case arises when both the leftmost and the rightmost
subaisle of block p contain at least one pick location. The largest reduction (best case) can be obtained
if the leftmost subaisle of block 1 is the only one containing requested items. However, in order to have

a fair comparison, we assume that each block includes at least three subaisles to be considered.

The maximum number of arcs required for representing the pick location can be determined by
comparing the special cases with respect to their maximum number of arcs per pick location. In
Table 1, the number of arcs (#arcs), the minimum number of pick locations (#locations) required to
obtain the special case and the maximum number of arcs per pick location are given for the special

cases of item distribution and the standard case (special case 0).

Table 1: Maximum number of arcs required for representing pick locations in a subaisle

special case 0 1 2 3 4 5
#arcs 18 6 10 14 16 16

#locations 4 0 1 2 3 3
#arcs/#locations 4.5 - 10 7 5.3 53

As it can be seen in Table 1, the maximum number of arcs per pick location is required if a subaisle
contains exactly one requested item. In this case, 10 arcs are needed to represent the subaisle. In order
to construct the worst case scenario, as many subaisles as possible are generated including only one
pick location. Since we consider problem instances with 90 pick locations, the number of pick locations
may be larger than the number of subaisles which is equal to 60 (two-block layout) or 90 (three-block
layout). Therefore, if a two-block layout is considered, some subaisles have to contain two pick locations
resulting in special case 3 which is the second worst case with respect to the maximum number of arcs
per pick location. For the worst case scenario, a warehouse with two (three) blocks is then composed of

30 (0) subaisles with two pick locations and 30 (90) subaisles containing one requested item.

For constructing the best case scenario, exactly two subaisles with pick locations are generated while all
other subaisles are empty. Two subaisles are required since it is assumed that three subaisles per block
have to be considered. This can be obtained by considering the three leftmost subaisles in the last block
from which only subaisles 1 and 3 have to contain requested items. The items are distributed in such a

way that special case 2 arises in both subaisles.
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The number of arcs required for representing a SPRP with two or three blocks according to the approach
of Scholz et al. (2016) and by using the reduced graph is depicted in Table 2. For the reduced graph, the
number of arcs is shown for the worst and the best case scenario with respect to the distribution of the

pick locations as explained above.

Table 2: Number of arcs included in the initial and reduced graph

#blocks Scholz et al. (2016) | Reduced graph: Reduced graph:
worst case best case
2 1418 1058 58
3 2126 1406 2

Comparing the size of the initial and the reduced graph, it can be obversed that even in the worst case
scenario the number of arcs is decreased by 25.4% (two-block layout) and 33.9% (three-block layout),
respectively. However, an item distribution according to the worst case would cause a very long tour
since the order picker would have to visit each subaisle in order to retrieve the requested items. To avoid
this and to reduce the length of the tours, items are usually stored in a specific way instead of randomly
assigning them to storage locations. Therefore, it is more likely that only some of the subaisles have to
be visited which further reduces the size of the graph. When assuming that up to three subaisles have to
be considered in each block, the number of arcs in the initial graph constructed according to Scholz et
al. (2016) can be reduced by up to approximately 96%. Since the number of variables of the resulting
mathematical model is only determined by the number of arcs in the graph, the size of the model can be

decreased drastically by formulating the model based on the reduced graph.

5 A model formulation based on the reduced graph

In general, the mathematical model formulation can be applied to any block layout. However, due to
the pyramid structure and the special cases of item distribution introduced in the previous section, the
model is composed of several hundred types of constraints. In order to limit a further distinction of

cases, we make the following two assumption with respect to the layout and the pick locations:

e The warehouse follows a multi-block layout, i.e. the number of blocks p is not smaller than 2.

e At least three subaisles of block p are contained in the reduced graph.

For each arc of the reduced graph, a binary variable is introduced which takes the value 1 if the arc is
contained in the tour and the value 0 otherwise. The denotation of these variables is explained by means

of a specific picking aisles i in a two-block layout which is depicted in Fig. 9. (Note that both subaisles
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in Fig. 9 are assumed to follow the standard case of item distribution and that some arcs regarding

movements in cross aisles are missing.)
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Fig. 10: Denotation of the variables

The variables are denoted as follows: The symbol itself describes the type of the movement, whereby it is
distinguished between movements to the right ("r"), to the left ("1"), movements between pick locations

within subaisles ("w") and movements to enter ("e") or leave ("v") a subaisle. An exception can be
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seen regarding movements to enter a subaisle since those movements with the purpose to traverse the
subaisle are denoted by "t". The upper index of the respective symbol specifies the next move, whereby
movements upwards ("u"), downwards ("d"), to the right ("r") and to the left ("1") are possible. The two
lower indizes indicate the corresponding cross aisle or block and the subaisle, respectively. Furthermore,
some variables have an additional index which is simply the number of the vertex defining the end of the
arc. Following this denotation, for example, the variable e5;, represents the arc corresponding to enter
subaisle i using cross aisle 2. Thereby, vertex 1 of this subaisle is visited first and afterwards the next

movement will go upwards.

Furthermore, real valued variables are introduced for each arc in order to prohibit subtours using single

commodity flow constraints as it is done by Scholz et al. (2016).

Besides the objective function (6), which minimizes the total length of the tour, the mathematical
programming formulation has to contain constraints ensuring the tour to start from and end at the depot

while including all pick locations. These constraints can be divided into the following classes:

Depot inclusion constraint [(7)]: The depot has to be a part of the tour.

Pick location inclusion constraints [(8) - (16)]: All pick locations have to be visited.

Degree constraints [(17) - (228)]: Each vertex visited has to be left afterwards.

Subtour elimination constraints [(229) - (465)]: The tour has to be connected.

Variable domain constraints [(466) - (513)]: The variables have to be binary or real valued.

The first two classes of constraints deal with the locations to be included in an order picking tour. In

order to guarantee that the depot is a part of the tour, constraint (7) ensures that the depot will be left.
WAy =1 (7)

This is done by forcing the outdegree of vertex "0", which represents the location of the depot, to be
larger than or equal to 1. In conjunction with the objective function, this constraint ensures that exactly

one of the arcs leaving the depot is included in the tour.

In order to construct tours in which all pick locations are visited, it has to be ensured that the
corresponding subaisles are entered and left in such a way that all items can be retrieved. Assuming
the standard case of item distribution, all requested items in a subaisle are located between the pick

locations nearest to a cross aisle and the corresponding adjacent location defining the beginning of
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the largest gap. No pick locations are situated between the two points defining the largest gap. Thus,
by using either arc ([u,q,i,1],[u,q,i,2]) or ([d,q,i,3],[u,q,i,4]) and either arc ([u,q,i,3],[u,q,i,4]) or
(Id,q,i,1],[u,q,i,2]), all pick locations in a subaisle i of a block ¢ will be visited. This is ensured by
introducing constraints (8) and (9) which guarantee that at least one of the two corresponding variables

is set to 1, respectively.

winy +wiis > 1 VqeB,icl] (8)
WZ;’3+ng1 >1 VqgeB,ic Ig 9)

Similar considerations have to be done for the special cases of item distribution (except for subaisles
following special case 1 since those subaisles do not contain any requested items). For a subaisle i of
block ¢ in which the items to be picked are distributed according to special case 2, all pick locations are
situated between the locations defined by the vertices [u,q,i, 1] and [d,q,i,1]. In this case, the arcs are
arranged in such a way that visiting and leaving one of these two vertices corresponds to the application
of the traversal or return strategy to this subaisle which means that all requested items are retrieved in
this subaisle. Thus, it has to be ensured that either vertex [u,q,i, 1] or vertex [d,q,i,1] is included in the
tour. This is done by constraints (10) which require the sum of their indegrees to be larger than or equal
to 1.

el +th+eh >1  VgeBicll (10)

Since subaisles assigned to special case 3 only contain two pick locations, it has to be guaranteed that
both pick locations are included in the tour. This is done by ensuring that one vertex of the vertex pair

representing the pick location is visited, respectively, which results in constraints (11) and (12).

wiy +wihi el > 1 VgeBicl] (11)

Wity + Wi el > 1 VgeB,iell (12)

Due to the construction of the graph, it is sufficient to ensure that the two locations defining the largest
gap are included in the tour if a subaisle i of block g belongs to special case 4. This is equivalent to
guarantee that at least one vertex of the vertex pair representing such a point will be visited, resulting in
constraints (13) and (14). The same line of argumentation holds for subaisles assigned to special case 5.

For those subaisles, constraints (15) and (16) ensure that all pick locations will be visited.

Wi+ wihn +edis > 1 VgeBiell (13)
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witn iy > 1 VqeB,icl] (14)
Wi+ win > 1 VgeB,icll (15)
Wi t€qi3 +wf]ll-1 >1 VgeB,icll (16)

The remaining three classes of constraints are standard TSP constraints required for generating a tour
which is connected. The degree constraints ensure that a vertex visited will be left afterwards. In
constraints [(17)-(228)] this is done by forcing the indegree of a vertex (right hand side of the constraints)
to be equal to its outdegree (left hand side). The subtour elimination constraints [(229)-(465)] are
so-called single commodity flow constraints introduced by Gavish & Graves (1978) and adapted by
Letchford et al. (2013) and Scholz et al. (2016). The idea is that the picker starts the tour with M units
of a single commodity (whereby M denotes the number of vertices in the graph) and delivers one unit to
each vertex visited. Following this procedure, the vertices (or rather the arcs used to visit the vertices)
are enumerated according to the sequence in which they appear in the tour excluding subtours. The left
hand side of the constraints determines the difference of the amount of the commodity delivered to and
leaving the vertex. This amount has to be equal to 1 for all vertices included in the tour. Since not all
vertices in the underlying graph have to be visited, we calculate the outdegree of a vertex (right hand
side of the constraints) in order to make sure that one unit of the commodity is delivered to a vertex if

and only if it is a part of the tour.

The model formulation with its more than 500 types of constraints does not seem to be applicable to
problem instances arising in practice. However, as it is the case for the formulation of Scholz et al.
(2016), the size of the formulation only increases linearly with the number of subaisles. The size is
furthermore limited with respect to the number of pick locations since the number of arcs required for
representing the movements within a subaisle is limited by 18 (see standard case of item distribution).
This makes the model formulation advantageous over general and Steiner TSP formulations if the
number of pick locations gets large. The large number of different constraint types is caused by the
application of the pyramid structure and the consideration of different cases regarding the distribution
of requested items in a subaisle. However, it has been shown that the size of the formulation can be
drastically decreased by considering these two aspects (see Section 4). Moreover, when applying the
model formulation to a specific problem instance, only a fraction of these constraints may appear in the

corresponding mathematical model.
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6 Conclusion and Outlook

The Single-Picker Routing Problem (SPRP) deals with the determination of the sequence according to
which an order picker has to retrieve requested items from their storage locations in the warehouse. Due
the structure of the warehouse’s layout, optimal tours are very restricted with respect to the movements
within a subaisle. Based on this observation, Scholz et al. (2016) developed a problem-specific
mathematical model for the SPRP which they tested on instances with a single-block layout showing that
the application of this model formulation outperforms TSP formulations by far in terms of computing

times, especially for a high ratio between the number of pick locations and the number of subaisles.

However, dealing with a multi-block layout, as it is the case in this paper, increases the number of
subaisles, resulting in a smaller ratio if the number of pick locations is fixed. Moreover, the size of
the model formulation of Scholz et al. (2016) is multiplied by the number of blocks which limits the
applicability of the model to layouts with multiple blocks. In this paper, it is shown how the size of this
formulation can be decreased significantly by reducing the size of the underlying graph for the SPRP.
Both, the introduction of a pyramid structure, by which whole subaisles can be removed from the graph,
and the consideration of different cases regarding the locations of requested items in a subaisle, are used
to reduce the size of the graph. A comparison between the initial and the reduced graph reveals that
the number of arcs (and, therefore, the number of variables in the model formulation) can be decreased
by up to 96% for the largest problem class considered by Scholz et al. (2016). Based on the reduced
graph, an improved model formulation is given for the SPRP with multiple blocks which includes far

less variables than the formulation of Scholz et al. (2016).

The next step will be to conduct numerical experiments in order to investigate the effect of the size
reduction. On the one hand, the model formulation should be compared to the formulation of Scholz et
al. (2016) and on the other hand, TSP and Steiner TSP formulations should also be taken into account
since these formulations outperform the model of Scholz et al. (2016) when the number of subaisles is

very large compared to the number of pick locations.

A further interesting topic for future research would be the integration of valid inequalities in order
to extend the applicability of the model and reduce the computing times required for solving it. For
example, in an optimal solution, only one routing strategy will be applied to a subaisle which could be
a general concept for developing valid inequalities. The investigation of symmetry breaking constraints
would also be a promising point since there always exist at least two optimal tours which makes proving

the optimality of a solution quite difficult.
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Appendix: Model formulation for the SPRP

Sets:

B={1,...,p}h:
F=A{l,...,p+1}

11 = {mq,mq}:

set of blocks

set of cross aisles

set of subaisles to be considered in block ¢, with m; = 1 and my, <Tig— 1V g € B (see Section 4.1
for the determination of m,, and )

subset of /7 with subaisles in block ¢ that contain requested items distributed according to the
standard case of item distribution (I§ = 1/\{I{ U Ul U] UI!})

subset of /7 with subaisles in block ¢ that contain no requested items (special case 1)

subset of /¢ with subaisles in block ¢ that contain the largest gap between the first or last requested
item and the adjacent cross aisle (special case 2)

subset of /9 with subaisles in block ¢ that contain exactly two requested items with the largest gap
located between these two items (special case 3)

subset of /¢ with subaisles in block ¢ that contain the largest gap between the first requested item
and the other requested items (special case 4)

subset of 19 with subaisles in block ¢ that contain the largest gap between the last requested item

and the other requested items (special case 5)

Binary variables indicating the arcs included in the tour:

-
rqi

u
qi

qi

binary variable, V (¢,i) € F x (I?\{m, — 1,m,}), with

1

)

if arc ([r,q,i],[r,q,i+ 1]) is contained in the tour

otherwise

binary variable, V (¢,i) € (F\{p+1}) x (I?\{m,}), with

)

if arc ([r,q,i],[u,q,i+ 1]) is contained in the tour

otherwise

binary variable, V (¢,i) € (F\{1}) x (I9\{m,}), with

)

if arc ([r,q,1],|d,q,i+ 1]) is contained in the tour

otherwise

binary variable, V (g,i) € F x ((I9\{m,,m,+1})U{(1,2)}), with

qi

0,

1
r;i B

0,

1
rgi B

0,
I L,
lqi =

0,

if arc ([1,q,1i],[l,q,i— 1]) is contained in the tour

otherwise
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u
Lgi

d
lgi

u
eqil

eqil

u

qi2

qi2

u

qi3

qi3

binary variable, V (¢,i) € (F\{p+1}) x (I7\{m,}), with

1, ifarc ([l,q,i],[u,q,i—1]) is contained in the tour

M —
qi .
0, otherwise
binary variable, V (¢,i) € (F\{1}) x (I7\{m,}), with
J 1, ifarc([l,q,i],[d,q,i—1]) is contained in the tour
14—
qi
0, otherwise
binary variable, V (¢,i) € (F\{p+1}) x (19\I{), with
. 1, ifarc([d,q+1,i],[u,q,i,1]) is contained in the tour
et =
qil
0, otherwise
binary variable, V (¢,i) € (F\{p+1}) x (I9\I{), with
J 1, ifarc ([u,q,i,[d,q,i,1]) is contained in the tour
e . fr—
qil
0, otherwise
binary variable, V (¢,i) € (F\{p+1}) x (I UL{), with
. 1, ifarc([d,q+1,i],[u,q,i,2]) is contained in the tour
[ —
qi2
0, otherwise
binary variable, V (¢,i) € (F\{p+1}) x (I{ UL]), with
J 1, ifarc ([u,q,i,[d,q,i,2]) is contained in the tour
e ., =
qi2
0, otherwise
binary variable, V (¢,i) € (F\{p+1}) x (If U1Z), with
. 1, ifarc([d,q+1,i],[u,q,i,3]) is contained in the tour
e Iy p—
qi3
0, otherwise
binary variable, V (¢,i) € (F\{p+1}) x ([T UL]), with
J 1, ifarc ([u,q,i,[d,q,i,3]) is contained in the tour
o
qi3

0, otherwise
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ty; :  binary variable, V (q,i) € (F\{p+1}) x (I9\I{), with
. 1, ifarc ([u,q,i],[u,q,i,1]) is contained in the tour
=
qr
0, otherwise
14 = binary variable, V (¢,i) € (F\{p+1}) x (19\I{), with
J 1, ifarc([d,q+1,i],[d,q,i,1]) is contained in the tour
1% =
qt
0, otherwise
wiie : binary variable, V (q,i,5) € B x (I x {1}) U ((I{ UL{) x {1,2}) U(I§ x {1,2,3})), with
. 1, ifarc ([u,q,i,s],[u,q,i,s+1]) is contained in the tour
wh =
qis
0, otherwise
wi © binary variable, ¥ (q,i,s) € Bx (I x {1}) U ((I{ UI) x {1,2}) U (I§ x {1,2,3})), with
J 1, ifarc([d,q,i,s],[d,q,i,s+ 1]) is contained in the tour
wo. =
qis
0, otherwise
Vg binary variable, V (¢,i) € (B\{p}) x I, with
1, ifarc ([u,q,i],[u,q+1,i]) fori € I{, ([u,q,i,1],{u,q+1,i]) fori e 1,
) ([u,q,i,2],[u,q+1,i]) fori € I, ([u,q,i,3],[u,q+1,i]) fori € I] UIZ or
vq,- =
([u,q,i,4],[u,q+1,i]) for i € I{ is contained in the tour
0, otherwise
VZ;I : binary variable, ¥ (¢,i) € Bx (I9\{m,}), with
1, ifarc ([u,q,i],[l,q+1,i]) fori € I}, ([u,q,i,1],[l,q+1,i]) fori € I,
vu’-] _ ([M7Qai32]a [l>CI+ lal]) forie Igv ([l’taQ7i73]7 [Z»CI+ 171]) forie IZU[;] or
ql

([u,q,i,4],[l,q+ 1,i]) for i € I{ is contained in the tour

0, otherwise
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vl binary variable, V (¢,i) € B x (I9\{m,}), with
1, ifarc ([u,q,i],[r,g+1,i]) fori e I}, ([u,q,i,1],[r.g+1,i]) fori e I},
r ([u,q,i,2],[r.qg+1,i]) fori € I, ((u,q,i,3],[rq+1,i]) fori € I[; UI{ or
qi
([u,q,i,4],[r.g+1,i]) for i € I is contained in the tour
0, otherwise
v‘qll- binary variable, ¥ (¢,i) € (B\{1}) x 14, with
y (|d,q,i,2],]d,q,i]) fori € I, ([d,q,i,3],[d,q.i]) for i € I UIZ or
qi
(|d,q,i,4],]d,q,i]) for i € I{ is contained in the tour
0, otherwise
Vi binary variable, ¥ (q,i) € B x (19\{m,}) U{(1,1)}), with
1 ifare (g -+ 1., [Lg.i]) fori € 1f, ((d,qi,1),[1.q,i]) for i € If,
dl ([daQaiaz]a U;qal]) forie 11217 ([d7q7ia3}7 [laq7l]) for € IZUIg or
V.=
qi
([d,q,i,4].[l,q,i]) for i € I{ is contained in the tour
0, otherwise
v‘qil?r binary variable, V (gq,i) € B x (I7\{m,}), with
1, ifarc ([u,q+1,il,[rq,i]) fori e I, ([u,q,i,1],[rq,i]) fori € I,
iy ([u,q,i,2],[rq,i]) fori € I, ((u,q,i,3],[rq,i]) fori € I{ UL or
Vv =
qi
([u,q,i,4],[r,q,i]) for i € I{ is contained in the tour
0, otherwise
Y, binary variable, V o € {l,r,u}, with
0 1, ifarc ([0],]e,1,1]) is contained in the tour
Yo =
0, otherwise
y(l) binary variable, with
, 1, ifarc ([/,1,1],[0]) is contained in the tour
Yo =

0, otherwise
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Real-valued variables to exclude subtours:

7
P
P
Iy
l”g,.
I8

Su
eqi 1
d

qz i1

eqiz
d
q12

eqiS
d
q13
1
tqi
zd
tqi
~u
qus
d
qts
~u
ti
~u,l
ti
~UE
qi
~d
Vi
~d,l
ti
~d,r
qi

7
5

Constants:

€0

ca

c
tu

Cqi
t.d

qu
eu
qis

ed
qis

w,u
qis

real-valued variable, ¥ (q,i) € F x (19\{my, — 1,m,})

real-valued variable, V (¢,i,s) € Bx ((If x {1}) U ((I7 Urd) x {1,2}) U (I x {1,2,3}))
real-valued variable, V (¢,i,s) € Bx ((If x {1}) U ((I7 u1d) x {1,2}) U (I x {1,2,3}))
real-valued variable, V (g¢,i) € (B\{p}) x I

real-valued variable, V (¢,i) € B x (17\{m,})
real-valued variable, V (¢,i) € B x (I19\{my,})

real-valued variable, V (g,i) € (B\{1}) x I

real-valued variable, V (¢,i) € (F\{p+1}) x (I7\{m,})
real-valued variable, V (q,i) € (F\{1}) x (I\{m,})
real-valued variable, V (¢,i) € F x ((I\{m,,m, +1})U{(1,2)})
real-valued variable, V (¢,i) € (F\{p+1}) x (I7\{m,})
real-valued variable, V (¢,i) € (F\{1}) x (I\{m,})
real-valued variable, V (g,i) € (F\{p+1}) x (I7\I{)
real-valued variable, V (g,i) € (F\{p+1}) x (I?\I{)
real-valued variable, V (¢,i) € (F\{p+1}) x (I{uL])
real-valued variable, V (¢,i) € (F\{p+1}) x (I{Ud)
real-valued variable, V (¢,i) € (F\{p+1}) x (I{ UId)
real-valued variable, V (¢,i) € (F\{p+1}) x (I1UL])
real-valued variable, V (g,i) € (F\{p+1}) x (I7\I{)
real-valued variable, V (g,i) € (F\{p+1}) x (I7\I{)

(

(

(

(

(

(

(

real-valued variable, V (¢,i) € B x (I7\{m,}) U{(1,1)})
real-valued variable, V (q,i) € B x (I9\{my})
real-valued variable, V a € {/,r,u}

real-valued variable

distance between the depot and the intersection of cross aisle 1 with the first sub-aisle of block 1
distance between two adjacent picking aisles
length of a sub-aisle
distance between cross aisle g and vertex [u,q,i,1],V (q,i) € B x (I9\I})
¥ (g,i) € Bx (10\If)
distance between cross aisle g+ 1 and vertex [u,q,i,s], V (q,i,s) € Bx ((IN\IT) x {1}) U (B UIL]) x {2})
U5V * (3})
distance between cross aisle g and vertex [d, q,i,s], ¥ (¢,i,s) € Bx (((\I) x {1}) U (AU 1) x {2})
(U x {3})
distance between vertex [u,q,i,s] and vertex [u,q,i,s+ 1],V (g,i,s) € Bx (I{ x {1})U(([fU1l) x {1,2})
U3 % {1,2,3))

distance between cross aisle ¢ + 1 and vertex [d, ¢, i, 1],
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qund distance between vertex [d, g, i,s] and vertex [d,q,i,s+ 1],V (¢,i,s) € Bx ((If x {1}) U((IJUIL) x {1,2})
U (15 > {1,2,3}))
M large number (e.g. number of vertices)
Objective Function:
pt1 Mg — pt1 mg—1 p Mgl p Mgl ptl g
mlnz Z c“ +Z Z c“ r,—l—z c* r‘l—&-z rq,—i—z Z “ll + - llml+1
=1 i=m, q=2 i=m, qg=1 i= g=1 i=m,—1 g=1 i=m +2
iz%,l
ptl g i g1 p= p
£y Y ediey Y ensYy ¥ oensy Yo Loy el
q=2 '*qurl g=1 i= my, +1 q=1 i=mg+1, q=1 ie[‘ll’ g=1 lEIq\{mq}
igmq—l igmq_H
2 a’ eu = ed d Z ed d
El u
+ Z Z + Z Z qtl €git T C4in 'eqil)—’— Z Z Coin €qi T Z Z Cqi3 " €qi3
g=1 iel‘{\{mq} g=1 ier\1 =1 jenfurd q=1 jerfur}
P e - ld d ° wd d
X u u u i
+ Z Z qu2 ’ eqt2 Z Z qt3 qt3 + Z Z i i + Z Z Z qts qis +cqis : qis)
q=1 iefurf q=1 q=1 icl\1f q=1 ielf s=
- w,u u - 2 wu W ,d d a eu
+ Z (qul “Wail +C i qtl + Z Z qzs : qzs is 'qus) + Z Z qul Vi
9=l iell q=1 icrjuld s=1 q=1 ek,
igqu
rol l d e d tu d d e,u
u )
+ Z Z Coi Vgi T Z Z thl vql + Z Coi Vait Z Z Cqi1 Vql
q=1ier\(1{ur}): 9=2iel] q=2ie\(1{ur}) q=liel\{m,}
<My
L t d u v ed _dr 2 t u e u,l
+Z )3 Cqi +Z )y Cqi1 Vai +) ) Cqi * +Z ) Cqil Vi
g=lier\(1uru{m,}) q=liel\{m,_} g=lien\ (1{uru{m, 1 }) a=Liel\{m,}
- td ul 2 ed d|l C
+Z )3 Cqi Vi T Z Y Cqi1 Vgi T )y Y Z vt
a=Tliel\(1{uriu{m,}) a=lief\{m, ,} q:uemvﬁuqu&@,ﬁ) icl},

tu

p
+ 1 V11 + P2+ +00) +

)y

iel\(uib):
i=1

Depot Inclusion Constraint:
WA+ =1
Item Inclusion Constraints:

u d
qu 1 + qu3 > 1
u + d > l
Wqiz T Wgil =

t +eqll+t el >1

qil

u
qul +qu‘] +eqi2 > 1

q=1 ier: q=1 el iell:
i<y i>m,_ i=1
VgeB,icl]
VgeB,icl]
VgeB,icl]
VgeB,icli

_ dl _ dl
C Vi + Z c-v

)

®)
)
(10)

(1)
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WZi1+WZil+egi221 VgeB,icl]
WZil+WZi2+eZi321 VgeEB,icl]
WZiz‘FWZuZl VqeBicl]
WZil"i'ngzZl VgeB,icll
Wit + €z + Wiy > 1 VgeB,icl!

Degree Constraints:

e Constraint corresponding to the depot

0, .0, .0_.1
y[ +yr +yu = yO
Constraints corresponding to vertices [r, g, i]

r u r d.r / 1 77 m
r1i+rli:rl7i,1+vli VZEI \{ml,ml—l,ml}
r u .0 d,r

T1m, +r1m|_yr +V17m1

u _r d,r

M —1= T —1 T Vi, -1

u,r
q—1,i

rhE T =y +v;ll?r Vge F\{1,p+1},i € I\{m, y,my 1 — 1,7iig1} withm, — 1 <i <7,

r;,»—i—rgi =Tyl +v2fu VgeF\{l,p+1}ie€l\{m, ,mg1—1,my_1} withi <m,—1ori>my
P = e e VgeFP\{L,p+1},i€ F\{m, g1 — 1,7, 1} with i = i,
r;,»—|—r',;i—|—rgi =rgic1 v Vge F\{l,p+1}i€ I'\{m,_y,my1 —1,my_1} withi=m, —1
Tamys T Tam, +r3¢m,,_1: 4L, +Vg:rmq_1 VgeF\{1,p+1} withm, =m,_,
r;mqil +r’(;’mq71 Jrrj.,mq,l = VZfl,mqfl Vge F\{l,p+1} withm,=m, ,+1
r{;quil +rgmqil = Z’—Lmqq VgeF\{l,p+1} withm, >m, ,+1
rz,mq,l—l +”Zﬁq,1—1 = r;,mq,l—z"'vzf],mq,lfl +V;l:rmq,lfl VqeF\{1,p+1} withmg =my,
rgquilfl = ’"zr;ﬁqfl—Z"‘vZfl,mq,l—l +VZ:%£H—1 VqeF\{l,p+1} withm, =m,_; — 1
rgﬁq_ﬁl = ’"Z,mqqd"‘vgilﬁq,l—l Vge F\{l,p+1} withm, <myz_;—1
r1r7+1,i+rg+l,i:r;+l,i—l JFVZ}r Vie IP\{m,,m,—1,m,}
§+u%*”$Hmp:V?@

”Zﬂ,mrl = ”;Jrl,mpfz + Vl;,:rmpfl

Constraints corresponding to vertices [/, g, ]

i+ 1= 1y 04 Vi€ {mym)

I 0., g dl
Yo= Y1+l 1 Vi

l u _dl
W + 0= Vi,

u,l

Bt L4 1G=1 0 V5 il o Yge P\{1,p+1}i € I\{m, y,m, |+ 1,y 1} withm, <i<ing+1

12)
13)
(14)
15)
(16)

a7)

(18)
19)
(20)
2n
(22)
(23)
(24)
(25)
(26)
27)
(28)
(29)
(30)
€29
(32)

(33)

(34)
(35)
(36)

(37)
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Bt =1+ Vge F\{l,p+1}i€f\{m, |,m, | +1,7ig_1} withi <m,ori>ig+1 (38
L1 =1 vl it Vge F\{l,p+1}i€\{m, \,m, \+17,1} withi=m, (39)
léi+l;‘,~+lg,-:lé7i+1+vgf17i Vge F\{l,p+1},i € \{m, ,m, |+ 1,7, 1} withi=m,+1 (40)
lg,mq,]-i—l+l§,mq,]+1:lt[],mq,|+2+v;l.,lmq,l+l+inl,mq,l+l VgeF\{l,p+1} withm,=m, ; (41)
13,@,_] 1= lzlz,mq_. 2t chi:lmq,lﬂ + vlc;fl,mq,1+1 42)
M 1 :lfj’mqleJer’ilmqle VgeF\{1,p+1} withm, >m,_, +1 (43)
Lyl + i, = vj;’mﬁ +v! i VgeF\{l,p+1} withm, =m, | (44)
Wy e, =Vt i VgeF\{l,p+1} within, =m, | —1 (45)
A A vgf%fl Vg F\{1,p+1} withii, <7, 1 —1 (46)
lfa+1,i+lg+1,i:lé+l,i+lJFVZ}Z VieP\{m,,m,+1,m,} (47)
lgﬂ,m,,ﬂ = lﬁ?+l,mp+2 + ";{ilm,,ﬂ (48)
Lty et = Voo, (49)
Constraints corresponding to vertices [u, g, i]
VZi+VZ}Z+VZ}r: lgiv1+Tgi1 Vg 1, Vg €B\{1,p}.i € [[\{my, g} withm,,, <i<TFig1 (50)
Vg TV, = o1 +n ifmg =m,andm; €1 (51)
Vi F Vg, = Tag—1 T Vi1, Vg€ B\{1,p} with 7, € I? and 7ii, = 7iig41 and 7y, = 7ig_1  (52)
Vo, T szlmq =rgm,—1 +tlgm1 Ve 1m, V q € B\{1,p} withm, € I{ and m, = m, 1\ and my #my—1 (53)
vl = Y Vg€ B\{1,p},i € I{\{m,. 7} withi <m,,  ori>T7ig1 (54)
Vi = 1 + 0 if m; #m, andm, €I} (55)
VZ:lmq = rgm,—1 V-1, V g € B\{1,p} withm, € I and m, # Mgy and my =y (56)
vZ:iqu = rgm,—1 Hlgm 1 HVo-1m, V q € B\{1,p} withm, € I{ and m, # My and my # g1 (57)
Vam, T Vgm, = lgm 11 Ve 1m, Vg€ B\{1,p} with m, € I{ and m, = m, | and m, =m,_; (58)
VZ&,‘""Z:V@,,:rz,mq—l+l;7mq+l+vz—l7mq Vg€ B\{1,p} with m, € I{ and m, = m, | and m, #m, | (59)
vZ:rmq :l”,qurl—i—vZ_l’mq Vg € B\{1,p} with m, € I{ and m,, # m,, and m, =m, ; (60)
vZ:’mq :rz,mqfl""lg,mﬁl"_vzfl,mq Vg€ B\{1,p} with m, € I{ and m, # m,,, and m, #m, ; (61)
R SR TS Viel\{m,m,} (62)
v =l Vi itm, €17 (63)
v;‘;fmp =1V ifm, e’ (64)
VAV = Viel\{m,m} withm, <i<wm (65)
Vi = Vi€ I\ {m,mi} withi <mori>m, (66)
Vi oy VT = o1 ifm; =my andm; €1} (67)
v;”i = if 771 # 7y and 71y € I} (68)
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u d __ qu u
i+t =l i

u d __qu 0
Womy T €m0 = Wy + 0

u d _u
Hom telima = m -1

tgit eifn =l i1+ i1+ Vg1
tm, T efjmq 1= Lm0 TV,
tqumq +e‘qi7m 1= ’”Z,mq—l HZ,@,H +V371,mq
qmq+eqm 1= q,mq 1+Vq 1,my
q g + eq mg,1 rlt;ﬁq—l + lZﬁq—H + VZ—I,W,,

u __Ju u
ti+efy +efis = K1+

u d d _qu 0
Homy T €y T €my 3= Homy41

u d d _u
B T €m1teims=m-1

u u
t i+ eqll + eq13 lq,iJrl + Tgi—1 + Vg—1,i

u __Ju u
lym, Jreqm 1 +eq,m 3= lq-,m,,+1 +Vg-1m,

u u
qu,+eqm 1+eqm 3= q,mq—1+lq,mq+l+"q—lm

q
qmq+eqmq1+eqmq rZ,mq—l+Vq L,mg

tg,mq + eq,mq,l + eq,mqs = "Z,mqfl + ZZ,qu + szl,mq
ti el +efn = Wi 11

u d d __qu 0
Wyt €m 1t €m 2= Wm1 TV

u d d _u

Ny telma T €im2=m-1

u d d __ qu u u
lyit€qin teqin =1l i1 +rgi1+ve_1

u
qm +eqm 1+eqm 2 lq,m4+1+vq—1,mq

My

u u
qm +e iy, l+e Ay, 2= q,mq71+lq,mq+1+vq71.mq

qqure ]+e qmq vy

q,mg, q,mg,2 q—1,mg

u u u
q g + eq,mq,l + eq mg,2 rq,mq—l + lq,Wqul + qulﬁq

Constraints corresponding to vertices [d, g, i]
dl  dr _ d d d
vip BV =l i vy

Al dr d
vii BV =6 i

d, oo qd d
Vim, TVimy = lomyv1 HVom,

vtli;lnl tv 1'”1 lg.,m1+1

Lli,lml = rgﬁlfl +ngl

Vlll:lm] = rgﬁl—l

VZEI+VZfr+VZz l +1z+1+" +1,i— 1+V q+1,i

VqeB\{1,p},icli\{m,

Vi€ b\{my,m}

if my € I}

ifm; €I

Vg eB\{1}.i € H\{m,.m,}

Vg € B\{1} with m, € I and m, = m,,_
quB\{l}withquIg and m, #m,_,

V q € B\{1} with m, € Ij and m, =y,

V q € B\{1} with m, € I and m, # my_,
Vie (1§ UL\ {my )

if my € jUI

ifmy € U1}

VgeB\(1}i€ (Ul)\{m,m,}

Vg € B\{1} with m, € If UI{ and m, = m,_,
V g € B\{1} with m,, € If UI{ and m,, # m,,_
V g € B\{1} with m, € I{ UI{ and m, =y,
V g € B\{1} with m, € I{ UI{ and m, #
Vie (BUL)\{mym)

it m, € UL

it € 13 UL

VqeB\{1},ie (I{UI)\{m,,m,}

Vg e B\{1} with m, € I UI{ and m, = m,,_
Vg € B\{1} with m, € I UI{ and m,, # m,,_,
Vg€ B\{1} withm, € I{ UI! and my =m,_

Vg€ B\{1} withm, € I UI! and m, # m,_

Vi II\{m,m;} withm, <i <7,
Vi€ I\{m,,m} withi < m,ori>m,
if my €1 and m; = m,

if my €I and m; # m,

if m; € I} and 7, = 7,

if 771, € I} and 711y # 77t

,mq} with mq+1 S 1 S mq+1

(69)
(70)
(71)
(72)
(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)
(88)
(89)
(90)
oD
92)

93)
(94)
95)
(96)
7
(98)
99)
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Vil v =1 YV q € B\{1,p},i € I[{\{m,.7ii,} with i <m,. | ori>Tigs (100)
Vom, FVam, = lgstm 1 F Vs, Vg €B\{1,p} withm, € I and m, =m,,,m,=m, ; (101)
vf]l:rmq +Vg,m,, = lgquH Vg€ B\{1,p} withm, € I and m, # m, ,m, =m, ; (102)
Vg, Vi, = Tt Ve, Vg e B\{1,p} withm, € IY and m, = m, |, m, =m, 1 (103)
vfi’lmq +v[d],mq = FZHM,*I Vg € B\{1,p} withm, € I{ and my # my1,mg =mg—1 (104)
Vi}l+vi}r+vii:lg+1,i+l i Viel{\{m,,m,} (105)
Vo, F Vo T Vom, = liim 41 if m, €1 and m, #m, ; (106)
Vo, Vo, = Ut 11 if m, €1’ andm,=m, | (107)
Vo, Vo Vo, = ot if m, € I and 7, # i, (108)
vﬁlmp V= 1 if m, € I and m), = m,_; (109)
vg’lmq —|—vz;;q +Vg,mq = lg+1,m4+1 +VZ+1,m‘, Vg e B\{1,p} withm, € I andm, =m, ,m,#m, ; (110)
vZ:lmq —|—v$j&q —l—vgqu = lg+l,mq+1 Vg€ B\{l,p} with m,, € Ii] and m, # mg, ,m, #m, , (111)
vf];’mq +vf1’:%q Vi, = Tt T Vi m, ¥ g € B\{1,p} with m, € I? and m, = g1,y # g1 (112)
Vi Vo V= Tast 1 Vg € B\{1,p} with m, € I and 7n, # 41,y # g1 (113)
€gil +ff;i = l:]l+1,i+1 +rf;1+1,i—1 +V;l+1,i Vg€ B\{p} withi € IJ\{m,,m},m, | <i<ing; (114)
et =1 Vg € B\{p} withi € [{\{m,, i, },i <my,,, ori>Tig (115)
eg,mq,l +t;11,mq = lgﬂqu +v3+1,m¢, YV q € B\{p} with m,, € Ig and m, =m,,, (116)
S, 1 +t§\mﬂ = I;’H%H Vg €B\{p} withm, € I andm, # m,,, (117)
e ot T, = Tt g1 + Vit m, ¥ q € B\{p} withm, € I{ and i, = m, 1 (118)
e ot Flam, = Tt m,—1 Vg€ B\{p} withm, € I{ and i, # m 1 (119)
e =10 Vie l5\{m,,m,} (120)
oyt Flom, = o im 11 ifm, €1y (121)
ezt F g, = Tt i1 if 7, € I (122)
byt G =1V Vg€ B\{p},i € (LUI)\{m,, g} withm, | <i<iig; (123)
el el i =10 Vg€ B\{p}.i€ (I{UL))\{m,.7ii,} withi <m,,, ori> gy (124)
Syt Fymy 2 T lm, = U1 my 1 Vg1, Vg €B\{p} withm, € I{ UI{ and m, = m,,, (125)
egqu +ez,%72 +tg.mq = lg_HquH Vg€ B\{p} withm, € B UI! and m, #mg,. . (126)
el g T €y T g, = Tyt 1 T Virtm, ¥ g € B\{p} withm, € I{ UI{ and 7, = 71z (127)
el g €2 T g, = Tt -1 ¥ g € B\{p} withm, € I UI{ and m, # 7z (128)
€pit T € +t,?’i = l§+1,i+1 JFVZH,H Vie (I5U1y)\{m,,m,} (129)
Chm 1 T Chm 2 +z;,’,mp = lgﬂmp+ | if m, € I UL (130)
Ot 2l =T ifm, € I UIL (131)
egi1 +€gi3 +t2’,- = l§+1,i+1 + VZ+1.,1'—1 +VZ+1,i Vg eB\{p},ie (I[§UI)\{my,m,} withm, | <i<Pg (132)
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gt ey th:;i = 15+1,i+1 + ’”;1+1,i71

eZﬂq,l Jreg-mqﬁ +t5-,mq = l§+1.mq+l JFVZH,@,
ez,mq,l + e;,mqj J'_tgmq = lg+l,mq+l

eZ,mq,1 + ez,mqg + ’gﬁq = rf,l+1,mq_1 + VZ+1,mq
ez,mq,l +€Z,mq,3 +tg,mq = ”gﬂ,mfl

epil T i3 +t,‘f,- = l,‘f+1,i+1 +rﬁ+1,,;1

u u d _qd
€pmyt T €pm, 3 lom, = Lot m, 1

u u d
epﬁp-,l + epﬁpﬁ +1

Constraints corresponding to vertices [u,q, i, 1]

u u,l u,r u u
ti+ti +vqi = eyl +tq,»
u,l u,r u u
Vyi +ti = €4 —Hqi

u ur o ou u
Vam, TVam, = €qm,1 Tlgm,

wr o u u
Vam, = €qm,1 Tlgm,

u wl _ u u
lesﬁq + Vlbmq - eqﬁmqﬁl + tq~mq

wl u
q.mg eq,ﬁlpl +tqﬁq

u,l ur __ ou u
vpi +Vpi = €pil +tpi

ur U u
pm, = €pm,,1 Hﬂ,mp

Lt,l . u

u
pﬁp_e .l+t

Py, Py

u . u u
Wyil = €gil T14i

Constraints corresponding to vertices [u,q,1,2]

u,l
qi

u

u u,r __ u
Vi T Vi TV = €qin T Wail

u,l ur __ ou u
Vgi TVgi = €gint Wil

v'j]mq + vi‘]:,rﬂq = egmq’z + W;.mq,l
Vom, = Cqmy2 T Wamg1

Vz,mq + VZ:lmq = ez,mq,z + Wz.mq,l
VZ:IW,, = ez,mq,z + Wg,mq,l

Vi V= e H i

Vi, = €pan,2 T Wpm, 1

Vi, = Coipa F Wi,

u o u u
qu2 - ein + qul

u oo ou
qu2 - qul

_ A
pmp — U pt+lmp—1

Vg e B\{p},ic (IgUIl)\{m,,m,} withi <m, | ori>Tigy

Vg€ B\{p} withm, € I[f UI{ and m, = m,,
Vg € B\{p} withm, € I[§ UI{ and m, # m,,
V g € B\{p} with m, € I UI{ and m, = g
V g € B\{p} with m, € I UI{ and m, # Mg
Vi (UL (my i}

itm, € 1P UL

if i, € 1) UIL

Vg e B\{p},ic i\{m,,m,} withm,, | <i<img
VqeB\{p},ic Ig\{mq,mq} with i <mg; ori>mgi
Vg € B\{p} with m, € I] and m, = m, |

V g € B\{p} with m, € I and m,, # m,

V q € B\{p} withm, € I and m, = 1y,

V q € B\{p} with m, € I{ and m, # Mg+,
Vielg\{mmmﬂ}

ifml7 6157

ifm, €1y

VgeB,icel!\(Ilu)

VqeB\{p},icli \{m,,m,} withm,, | <i<iig
VqeB\{p},ic Ig’\{mq,mq} with i <my; ori>mg
Vg € B\{p} withm, € I and m,, = m, |

Vg € B\{p} withm, € I and m, # m, |

V g € B\{p} with m, € I and m, = my,

V g € B\{p} with m, € I{ and m, # My,

Vi€ \{m,.m,}

ifmp Glf

ifm, € 1§

VqeEBicll

VgeB,ieljull

(133)
(134)
(135)
(136)
(137)
(138)
(139)

(140)

(141)
(142)
(143)
(144)
(145)
(146)
(147)
(148)
(149)

(150)

(151)
(152)
(153)
(154)
(155)
(156)
(157)
(158)
(159)
(160)
(161)
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e Constraints corresponding to vertices [u, g, i, 3]
Vyi +Vu’-l v, = wan VqeB\{p},iel{\{m,m,} withm, | <i<mmg (162)
bV = wit Vg eB\{p},icl\{m,m,} withi <m,, ori>mg (163)
m, —|—ij’% = w;mqg Vg€ B\{p} withm, € I and my=mg ; (164)
Vam, = Wam,2 Vg € B\{p} withm,, € I{ and m, # m,, (165)
Vo, + vq m, = W, 2 V q € B\{p} withm, € I] and m, = m 4, (166)
ijlmq =W ¥ g € B\{p} with i, € I and i, # igs1 (167)
ol =l Viel{\{m, m,} (168)
V?z’;rmp = Wpm, 2 ifm, €1l (169)
"Z’,inp = Wpi,2 ifm, e 1! (170)
Vi b v Ve = el i VqeB\{p},icll\{m,m,} withm, | <i<wg (171)
vl v = el Wy Vg€ B\{p}i€ I\ {m,m,} withi <m, ori>mg (172)
Vg, Y Vm, = €qm,3 T Wam, 2 Vg€ B\{p} withm, € I and m, = m,,, (173)
Vam, = €qm, 3 T Wam, 2 Vg € B\{p} withm, € I and m, # m,,, (174)
Vi Vi = € 3 Wi ¥ q € B\{p} with i, € I and 7, = 7iig 11 (175)
Vg, = €y 3 F Wi, 2 Y g € B\{p} with 7, € I and 71, # 7ig41 (176)
Vil VT = ey Wi vie\{m,m,} (177)
Vo, = €pm,3 T Wpm, 2 ifm, €1l (178)
i = Co 3 T W 2 if m, € I (179)
Wiz = €giz T Wain YqeB,icl (180)

e Constraints corresponding to vertices [u, g, i,4]
vq,—l—vul—&—vg = Wyi3 VqeB\{p},iclj\{m,,m,} withm,,, <i<wmg (181)
VZ;- +VZ =Wy Vg € B\{p},i € Ij\{m,,m,} withi <m, ,ori>7m, (182)
gm, TV Zf = W;qu Vg € B\{p} withm, € I] and m, =m,., (183)
Vam, = Wam, 3 Vg€ B\{p} withm, € I{ and m, #m,,, (184)
Vi Vi, = Waim 3 ¥ g € B\{p} with 7, € I{ and 7, = 7iiy.1 (185)
Vi, = W ¥ g € B\{p} with i, € I{ and 7, # 7iy.1 (186)
Vol V= Wi Viel\{m,,m,} (187)
Vpm, = Wpm, 3 ifm, €17 (188)
Vi, = Wi, 3 it m, €1f (189)
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e Constraints corresponding to vertices [d, q,i, 1]

dl, dr 4, .d
Vi TV = el T

dl 4
Vi) iy = €lm, 1+t1m1
vyt dr — pdy yd
qi qi qi qil qi
dr _ d d
qm, Jrvquj FVom, = €qm,1 tlgm,
d dr _ d d
Vam, TVqm, = €qmy1 Tlgm,
d djl dr 4
Vg TVam, T Vam, = €qmg1 Tlgm,
d dl _ d d
Vg T Vam, = €qmy1 Tlgm,
d _d | .d
qul - eqil +tqi

Constraints corresponding to vertices [d, g, i,2]

d,l dr _ d d
Vii TV = et Wi

i 4 d
Vim, = Clm 2T Wim.1

d,l dr
Vi+vl~ +ti 2+qul

d

d
w
q.my;2 + q.mg;1

dr
‘Iu; + v + Vgm, =€

qm +Vq741 ﬁ]lm 2+qu 1

q g +V‘I my + VZ'%Q B eg mg,2 +Wg,mq,1
vaq + Z;lmq = eg,mq,z + WZ,@J

WZiZ = ngl

d _ d d
Wain = €gin +Wgit
Constraints corresponding to vertices [d, ¢, 1, 3]

dl  dr 4 d
Vi TV = et wip

dl _ d d
1 gy 617W1,3 + WLW]J

dl, dr _ d d
ti+Vi Ve =€zt Wein

d _d d

Vgm, T Vq m, T Vq m, = €qm,3 T Wam, 2

va e = +w

q’% qm; — “q.m, 3 q.my 2
Lyl +w

qmq qmq q,my qmq’i q,mg,2

qmq +Vq My qmqﬁ +quq7

dl | dr_ 4
Vii +V1i =Win

i 4
V] i Wlml,z

i s d
ti+vi +Vi =Wy

_d
qm, T uni + qu =W,

Vien\{m}

ifm; €1}

Vg€ B\{1}.i € L\ {my,m}

Vg€ B\{1} withm, € I and m,_; <m,
Vg€ B\{1} withm, € I and m,_; =m,
V q € B\{1} withm, € I and m,_; >m,
V q € B\{1} withm, € I and m,_| =m,

VgeB,icl!\(I]ul)

Vie D\{m}

if my € 1}

VgeB\{1}hie l\{m,m,}

Vg e B\{1} withm, € I{ andm,_; <m,
Vg e B\{1} withm, € I{ andm, | =m,
V g € B\{1} with i, € I{ and m,_ >my
Vg € B\{1} withim, € I{ and m,_| =my
VgeB,ieljul]

VgeB,icll

Vie}\{m}

ifm, €1}

VqEB\{l}JEIff\{mq,mq}

Vg e B\{1} withm, € I{ andm, | <m,
Vg € B\{1} withm, er! and m,_; =m,
V g € B\{1} withm, € I and m,_, > my
V q€B\{1} withm, € I] and m,_| =m,
Vie I\ {m}

if m € 13

VqEB\{l},iGIg\{mq,mq}

Vg€ B\{1} withm, € I{ andm, | <m,

(190)
(191)
(192)
(193)
(194)
(195)
(196)

(197)

(198)
(199)
(200)
(201)
(202)
(203)
(204)
(205)

(206)

(207)
(208)
(209)
(210)
@11)
212)
213)
(214)
(215)
(216)

217)
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Vo, TVm, = Wam,2 VgeB\{1} withm, € I and m, | =m, (218)
Vi, Vg, Ve = Wi 2 ¥ g€ B\{1} withm, € I{ and 7, >m, (219)
Vi, Vg, = Wi, 2 Vg€ B\{1} withm, € I{ and 7, =m, (220)
Wiz = ez + Wiy VgeB,icel] (221)
e Constraints corresponding to vertices [d,q,i,4]
T Vie\{m} (222)
Vi =l ifmy eI} (223)
vl AV e =iy Vg eB\{1},i € [{\{m,.7ii,} (224)
Vimq Jer;,lﬂq Jrv;i:;q = Wg,mq,.? Vg€ B\{1} withm, € I and m,_; <m, (225)
Vgm, Vam, = Wam,3 Vg €B\{1} withm, € I{ andm, |, =m, (226)
vfimq + V;l:'%q + ng%q = wgquﬁ Vg € B\{1} withm, € I{ and m,_ >m, (227)
Ve Ve, = W, 3 YV g e B\{1} with 7, € I{ and 7, =7, (228)
Subtour Elimination Constraints:
e Constraints corresponding to vertices [r,q, ]
i1 +‘7(11£r— (P + 7)) =ri+ i Vie"\{m,m—1,m} (229)
Ay~ Py + ) = 1, + 7, (230)
ﬂﬁl—l""jﬂl]:;%,fl _flll.ml—l :”thﬁl—l (231)
Faic +‘7;f1,i+‘73§r_ (7;i+7;i+’7§i) = Vf,i+VZi+foi
VgeF\{l,p+1}iel\{m, \,mg1—1,mg1} withm, — 1 <i<m, (232)
Faict TV, — (P + i) = roi+ g
VgeF\{l,p+1}i€ I'\{m,_y,mg1—1,my1} withi <m,—1ori>m, (233)
Foic1 TV, +vjj;’ — (B F) =rp+r% Vae P\{1,p+1}i € \{m, |,y — g1} withi=m, (234)
Fai +‘7;i],i - (f§i+fﬁji+f§i) = r21+r2‘i+r§i
VgeP\{1,p+1},i€ \{m,_, iy — 1,7, 1} withi=m,—1 (235)
~Z’—rl,mq,] +‘7Lqiféq,1 - (Frrmqq +fg-,m471 +7f[11m¢171) = rfrl-mq—l +”Z,mq,l +’”Z,mq,l
VgeF\{l,p+1} withm,=m, , (236)
W vy Fomy T om, P ) = Ty T V@€ F\{1,p+ 1} withmy = m,_ +1 (237)
AT G f‘{mq_]) =rgm, \ + r;{mq_l VgeF\{l,p+1} withm, >m, ;+1 (238)
Famy1-2 +ﬁzil,mq,lfl ""7{;::@,171 — (Fgm, -1 +7d,m,,,1—1) =rgm, -1+ Vg,mq,1—1
VgeF\{1,p+1} withm, =m, | (239)
Pty 2 T e 1 F T 1~ P -1 = Ty, 1 VgeF\{1,p+1} withm, =m, | —1 (240)
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~Ur

~r ) _=d _d
Tammg—2 + Vq—lﬁqfl—l Pgmg_1—1 = Tqimy -1

~r =l r ~r ~d o d
Fpg1im1TVpi — (P 1) = Mot T

/N

~r ~d _r d
Vpm, ~ (errl,m,, + errl,m,,) =Tprim, T ptim,

= susT ~d _d
For1my—2 T Vpm,—1 ~ Tpttgm,—1 = Tptim,—1

Constraints corresponding to vertices [/, g, ]

7 Al 1
By 99 — (L +15) = L + 1

0, 7l Al
Y+l 1 TV, =0 =0

~d,l 7l Tu _ gl u
Vl,ml - (l],ml + l],m]) - ll,ﬁl + ll,ml
7l ~d,l ~u,l

lq,H—l + Vg, + Vg1,

1 ~u,l 7l jd
Ly T, — Ui+ 1g) = L+ Lg

- (ZZp’ +f;‘i +f2,’i) = léi+lgi ‘Hgf

VgeF\{l,p+1} withm, <y —1

Vie I\ {my,m, — 1,7y}

Vi Ell\{mlvml}

Vge F\{l,p+1}i€ I'\{m,_y,m, |+ 1,my1} withm, <i<ii,+1

Vge F\{l,p+1}ie '\{m,_y,m, ,+1,m;} withi <m, ori>im,;+1

7 ~dl | -l
lq,i+l + Vq,i + Vg—1,i

71 ~t,l
lg i1+ 14

I

~d.l ~u,l
q:mg1+2 + Vam, i+1 +

v

il qdy_ql  qd

Vge F\{l,p+1}iel\{m, \,m, +1,my 1} withi=

m,

Vge F\{l,p+1}i€ I'\{m,_y,m, +1,my1} withi =7, +1

=

g

lu

q amq— 1

VgeF\{l,p+1} withm, =

+
VgeF\{l,p+1} withm, >m, | +1

Ju 7d __qu d
q—lmg_+1 (lq,mqfﬁl 'Htmqfﬁl) - lq,mqfﬁl 'Hq,mqfﬁl

VgeF\{l,p+1} withm,=m,_,

my_;+1

u d
1 + lfi-,mqfl + ltiﬁqfl

d
+ l,mq

lgm, \+2 +‘7$:;q,.+1 +‘7;£1,mq,]+1 - [Z,mq,ﬁrl = lg,mq,ﬁl
~zlmqflﬂ +ﬁg£1,mq,l+l - fimq,lﬂ = lff,mq,lﬂ

Voms + 0 = Gy + o, + g, )

ﬁgilﬁq,l - (l:l]ﬁqq +l~q7mq7| + iltliﬁqfl) = lll]-ﬁqfl +
ﬁgil,ﬁq,l - ([é,mq,l "‘[g,mq,l) = lé,mq,l + lg,mq,l

ZZ)+1,[+1 +‘7;}l - (ZZ)+1,i +l~;l+l,i) = 11I;+1,i+lﬁ+1,i

fl ~

~u,l

~t,l
v

d _
prtm,+2 TV 1~ Lptmy+1 = Dot m, 1

7l “ ol d
piiy (v, +pr1m,) = lpsim, + o 1m,

Constraints corresponding to vertices [u, g, i]

Tu ~u ~u ~u sl osury u,l u,r
lgivr g i+ g 1= (Vg0 +05) = v v vy

ST

Ju 0 ~U _u u,r
Loy +1 T Vu — (Vl,m1 +v17m1) =Vim T Vim,

Vge F\{1,p+1} withm, =my_;

VgeF\{l,p+1} withm, =741 — 1

VgeF\{1,p+1} withmy <mg_—1

Vie’\{m,,m,+1,m,}

VqeB\{1,p},icI{\{m,,m,} withi >m, i <7y

if my = m, and my €1

(241)
(242)
(243)

(244)

(245)
(246)

(247)

(248)

(249)

(250)

(251)

(252)
(253)

(254)

(255)
(256)
(257)
(258)
(259)

(260)

(261)
(262)

(263)
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oyt Py my = gy Vi) = Vi, Vi,
V q € B\{1,p} with m, € I{ and m, = m ) and my, =m,_ (264)
P gt ot Va1, — (P, + V) = Vi Vi
V q € B\{1,p} with m, € I1 and m, = m, and m, # M, (265)
liin + i V= (g 95 = vy vl
VqeB\{1,p},icI{\{m,m,} withi <m,, , ori>7ig i (266)
i g1 50— P, =V, if my #m, andmy €1} (267)
P gt + T, — Py, = Ve, ¥ g€ B\{1,p} with 7, € I{ and 7, # g1 and iy =7,y (268)
P gt a1 TV, — T, = Vi, Vg e B\{1,p} with m, € I? and m,, # i,y and m, #m, | (269)
3 g+l + P 1m, —(v Z,mq +\7er&4) = VZ,mq +ij&(] (270)
Vg € B\{1,p} with m, € I{ and m,, = m,, | and m, =m, | (271)
Pyt B 1+, — (P + 7 ) = Vi VT (272)
Vg€ B\{1,p} with m, € I{ and m, = m, ., and m, #m, | (273)
INZ’%H —|—\72,1_mq — ﬁ’q‘:rmq vqm Vg € B\{l, p} with m, #m,,, and m, € I (274)
Iy i+ iy 0= (T 07 = v vy vief\{m,m,} (275)
iz,mﬁl +‘7;—1,mp Z:n = Vzui:ﬂp if m, €1y (276)
Pyt Tty — Vo = Vo ifm, e I! (277)
B R — P+ ) = v Viel\{m,m} withm, <i<m, (278)
I R — () = ey Vie\{m,m} withi <m,ori>m (279)
a1~ (M, +97 inl) =V + Vi inl if m; = mp and 7, € 1] (280)
Pl 1 — e =W if m, #my andm; € 1] (281)
fi‘,m o — (@ +efy) =t +efy Vie L\{m,,m} (282)
R L G P L P itm €1 (283)
7‘1‘%71 - (ff,m] +e~‘11,m],1) = tlllm, +e'il.m1.1 ifm; € 121 (284)
lgivt i1+~ (g +2gn) =t +egi VqeB\{1},ieL\{m,m} (285)
Byt + Tty = o, +€Gm1) = lim, €m0 Vg€ B\{1} with m, € I{ and m, =m, , (286)
Pyt gm0 F V1, = o, 8 1) =l €m0 VgeB\{1} withm, € I{ andm, #m, | (287)
Fomg—1 +Vq—1m, — (Tgm, +eq7mq7 ) =14, —l—eqmq Vg € B\{1} withim, € I and m, =m,_ (288)
Pt e V1, — T, + Chm 1) = Ty, + €m0 V g € B\{1} with i, € I] and i, # 7y (289)
i + 7 — ([ e +eln) =i+ efy +efs Vi€ (I UL)\{m,mi} (290)
g1+ 50— (81 8y 3) =ty + €1+ €, 3 if my € [jUL (291)
a1 — (o g+ 8 3) =t + el 1 el s ifmy € loUl; (292)
Tyt Tyt + Vg — (i + g + ) = 14+ €y + €3 Vg€ B\{1},i € (IgUL)\{mg, g} (293)
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Ju ~U U ~d u d d
lgmg+1 7+ Vg—1m, — (tq,mq +egm,1 +e 3) lym, t €qm,1 T €qm,3
: q. 79 _
Vg e B\{1} withm, € [fUI] and m,=m,_,
~U Ju ~u U u d d
Famg—1 Hlgm1 + Vg 1m, — (tq,mq +e ,mq,1 + 3) lgm, T €qm,1+€qm,3

Vg € B\{1} with m, € I{ UI{ and m, # m,_,

zu U
qmq 1 +vq 1,my (tq,mq +é q g, 1 + eq mg,3 ) tqﬁq te q Mg, 1 +eq,mq

Vg€ B\{1} withm, € IgUIZ and 7, = Mgy
Pt et + Tty — T, + g + g 3) = lyam, + €yt + €,

V g € B\{1} withm, € I UI{ and m, # 1y
B +7 i — @+ el +eln) =t +efy +efy Vie (BUL)\{m,,m}
flu,mﬁl +50 - (T i, +5L11,m1,1 +§‘11,m1,2) =1'm, +et111,m1,1 +eii,m1,2 if m € I3UI
flf,mlfl - (Ff,ml "‘é{ml 1 +§(11.m1,2) = ’il.ml +ellj‘m1,1 +e¢11m1 2 ifm; € 13l UIS]
Lty + T+, — Jreq,1 +qu2) =1 +qu1 +eq12 VqeB\{1},ie (I{Uld)\{m,,m,}

Tu Sl
lq,qurl+qul,mq (qm +eqm l+eq,m 2) qm +eqm l+eqm 2

Vg € B\{1} with m, € I{ UI{ and m, = m,_,

~u Tu ~U U ~d o u d d
Famg—1 Hlgm1 +Vg-1m, — (tq,mq + gm0 —|—e ,2) =lym, T €m 1t €gm, 2

Vg € B\{1} with m, € I{ UI{ and m, # m,,_,

U u
q g —1 + vq 1,my (tq,mq +é q g, 1 + eq mg,2 ) tqﬁq +e q g, 1 + eq,mq

Vg€ B\{1} withm, € I{ UI! and m, = my_,
d
qmq 1+lqmq+l+vq Limg — ( +eqm l+eqmq )7t;,ﬁq+eq,mql+eqmq

Vg€ B\{1} withm, € I{ UI! and m, # m,_

Constraints corresponding to vertices [d, g, i]

B+ 7,195 — 0 90 = v+ Vi I\ {my,m} with m, < i <
B+ — o = vl vl VieIN\{m,,m} withi < m, ori>
By 1 P, — (‘7‘1%1 +7 ) = V?fnl +s oy if my € I and m; = m,
lg,mﬂrl (‘7‘11111111 +V1 m]) = v?in] +v1 Jm lfml € 111 and m, #m2
1+ P, — V=V if i € I} and ) =
fgml—l ﬁtlj;lnl Vgllinl if 1 E]ll and m; # 7y

7d ~ ~ ~dl | ~dr | ~d\ _ . d]l d,r d
lgs1,is1 +rq+1,i—1 +Vq+1,i—("qi + P+ V) =V v v
. q J— . . —
Vg e B\{1,p},iel[\{m,,m} withm, ; <i<mg
5d ~d ~dl | ~dr | o~dN _  d] d,r d
lgvvivt T Pgpin — (Vg 00 +95) = vl +vii +v

Vg e B\{1,p},icI{\{m,,m,}, withi <m,,;orl >

(294)

(295)

(296)

(297)

(298)

(299)

(300)

(301)

(302)

(303)

(304)

(305)

(306)
(307)
(308)
(309)
(310)
311)

(312)

(313)
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m +1+vq+1m (v +vqm) ern +vgmq Vg€ B\{1,p} withm, € I and m, =m, ,m,=m, | (314)
[3+l,mq+1 — (ﬁq:; +\7q7m )= vq:&q +Vq,mq Vg€ B\{l,p} withm, € 1 and m, #m,.,m, =m,_; (315)
P g1 Vs, — Ty, +ﬁ‘q’ﬁq) = v‘q’;fﬁq +vi s Y g€ B\{1,p} with i, € If and iy =gy 1,7y =7y 1 (316)
Pt g1 — (vjj;’ﬁq ) =V g Ve, V g e B\{1,p} withm, € IY and m, # m,1,m, =m, 1 (317)
fgﬂ,iﬂ""’:gﬂ,i—l —(Vd}l"'v ; +‘7Zi) :Vp} +Vd}r+vﬁi Viel\{m,m,} (318)
st 1 = (i 000 000 ) = Vi +Vin V0 ifm, €1l andm, #m, ; (319)
I T (~§1,7,’n +\7;1,7mp) = v;’;fmp +v§’% ifm, 1l andm,=m, , (320)
Pty -1 — (7 pmp+vpmp+vpmp) =V, T Vo, Vo, ifm, € I” andm, #m, | (321)
G ) = vi:%p Ve itm, € I’ and 1, = m, | (322)
It m 1 +ﬁq+1mq — (%m, + Tam, + Vgm,) = Vam, +Vam, TVim,
Vg e B\{1,p} withm, € I andm, =m, ,m,#m, | (323)
v+t = Pm, + Vm, + Vam,) = Vi, + Ve, + Vi,
Vg€ B\{1,p} withm, € I{ and m, # m ,m,#m, | (324)
Z+]mq 1+ q+IMq_((]mq+vl]mq+vqmq) qm +quq+quq
V q € B\{1,p} withm, € I{ and m, = Mg 1,my # mg—1 (325)
7;1+1,mq—1 (i{l}lnq +Vq,mq +Vq,m,,) = quq + ;l;:zq ‘*‘V;lm,
Vg € B\{1,p} withm, € I{ and my # my1,my #mg—1 (326)
l~5+1,i+l +’7;i+1,i71 +‘73+1,i — (&g +f§,ii) = ey +t§i VqeB\{p},ic {\{m,,m,} withm,, | <i<iig; (327)
i P — (8 +T0) = el 1 Vg€ B\{p}i € {\{m,,m,} with i <m,, | ori>7ig s (328)
i;’HﬂqM +\7f11+1mq (Zhm, G, m,) = €, 1 +z,;{mq Vg €B\{p} withm, € I andm, =m,,, (329)
igﬂmﬁl ~ (&g, 1 +lgm,) = S, 1 i, Vg €B\{p} withm, € I andm, # m,,, (330)
Pty T P, — (E 1 Tgm,) = €t +om, Vg € B\{p} with i, € I{ and 7, = 71z (331)
Pt — @1 +lam,) = Como1 T lqm, ¥ q € B\{p} withm, € I and m, # my+1 (332)
I it P iy — (B 1) = €y 10 Vielj\{m,,m,} (333)
o, P G +f;{mp) = Chm .1 +t;{mp ifm, €1} (334)
’N’ZH,W,,—l - (é';;,m,,,l +fg,m,,) = e';;.m,,,l ‘Hg,m,, ifmy, € If (335)
l~5+1,i+1 + fg+1,i—1 +‘73+1,i — (€gi1 +&yn +t~f]li) = egi1 +egn ‘Hf;li
VqeB\{p},ie (BUL})\{m,,m,} withm,,  <i<iwg (336)
Tt it i1 — (8o 48 +15) = el + €l + 15
Vg e B\{p},ic (l{UL{)\{m,,m,} withi <m, , ori>Tig (337)
lq+1 a1 +Vq+1 m — (&g €q.m,,1 +é; q.m, z+ ) :eZ,mq,l +€Z,mq,2+td,mq
Vg€ B\{p} withm, € I{UI] and m;, = m,, (338)
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i
q+1.m,+1

~d d
Far1mg—1 1t Varim,

~d
Tgr1my—1
7

lp+11+1+ prlio1
I
pLmp, 41

~d
Tpyim,—1—

. } N
lgst,i Jrrqy+1,z>1 +Vq+17i*

7d ~d
g1t T g1
7d d
lq+1,mq+1 + Vq+1,mq

lq+lm +1

~d
ot 1,—1 TV s i,

~d
Tgr1my—1
7d d
Lpytivt +7pi1io
i

p+1 7ﬂ11+1

d
p+lmp |

Constraints corresponding to vertices [u,q, i, 1]

~u ~U =d
- (eq-,mq.l +eqm,2tigm,

Su ~u =d _
= (&g g1 + g 2 +lgim,) =
Sit S
( pil + epi2 +
S
_( p,m 1+ep,m 2+tpm )

( pmpl+epm 2+tpm )_e

. - ~d
— (g + &4 +1g) =

~Ul ~il =d
- (eq,mq,l +egm,3 T lgm,

( qm l+eqm 3T

Su S zd _
- (e%mqsl +e[]vmq73 +t‘1~,mq) -

— (€ T8 +f§fi) =

~d _u u d
- (2, €pm,1 T enm,,ﬁ +tﬂ7mp) =Cpm, 1 T €pm, 3T lpm,

~il ~il =d
( p~mp-,l + epﬁpﬁ + tpﬁp)

u

u

qu,) = equ,,

P St zd _
( q;qul +eqﬁq,3 +tqﬁq) -

_u
- ep-,mp

By 1 — (T T ) = vl v
&+ = (0 +9) =i ]
oyt Flgm, = Tgm, T V4m,) = Vam, T Vim
2y + oy~ = Vi,
q,mq,l+tqmq7( qmq+ﬁgf’nq): +quq
%mqa] +igmq o ﬁzylﬁq = Vglﬁq
i1 i — (Nzll +75) = V;}l Vi
Cpanyt Flpm, = Vpim, = Vim,
é;unﬁp.l +iz,mp ﬁ; lmp = leﬁp

~U u ~U — u
€qi1 T g — Wyt = Wyt

o
) q,m l+eqm 2+t

dy\ __ u u d
i) = €pit +€pin t 1y
u d
€pmy 1 T €pm, 2T lpm,
u d
piip,1 + e[’:mp-,z +tl7-mp
~il ~u =\ __
(€gin + gz + 1) =

Vg € B\{p},i € (I UI)\{my,,my} with

]+€qm 3+tqm

u u d
epil + epi3 +tpi

p Mp,

Vg € B\{p} withm, € I{UI{ and m, # m,,

~1 ~u =d .
- (eq,mq,l + eq,mq,Z + tq,mq) q g, 1 + eq ng,2 + tq mg

Vg € B\{p} withm, € I{ UI] and m, = 1y

€yl T Cqm, 2 +t§m V g € B\{p} withm, € I UI] and m, # Mg

Vie (1§ UIY)\{m,,mp,}
if m, € If UI}

ifm, e § UL}

1+€ 3+t

My S 1S Mg

ezil + EZB + tf;i
VgeB\{p},ic <Igul§’)\{mq
) p—

gy With i <mg. .y ori>Tig

u
€qm,,1 +eqm, 3 +

g

VqEB\{p}wuhm € IjUI{ and m, = m,

Vg € B\{p} with m, € [ UI{ and m, # m,,

u u d
eqﬁml + eqﬁqﬁ + t%mq

V g € B\{p} withm, € I UI{ and m, = Mg

et €, aHigm, Vg €B\{p} withim, € I UIL and miy # gy

Vi€ (Iy UIE)\{m,, mp}
ifml7 e Ig Ulg

3+l‘

Py

e Py 7P
ifm), € I, U

Vg € B\{p},i € [\{m,,m,} withm

VgqeB\{p}ic\{m,

V g € B\{p} with m, € I] and m, = m,,

My <0< Mgy

gy Withi <mg yori> g

V g € B\{p} with m, € I] and m,, # m,, |
V q € B\{p} with m, € I and m, = g1
V g € B\{p} withm, € I and m, # g
Vie 1\ {7}

ifmp € Ié)

ifm, €1y

VgeB,icl!\(I]ul)

(339)

(340)
(341)
(342)
(343)

(344)

(345)

(346)

(347)

(348)

(349)
(350)
351)
(352)

(353)

(354)
(355)
(356)
(357)
(358)
(359)
(360)
361)
(362)

(363)
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Constraints corresponding to vertices [u,q,1,2]
g + Wiy — (Vg + ﬁg;l +V ) =V +vZ;.l +v, Vg e B\{p},ic {\{m,,m,} withm, | <i<ing (364)
Cin + Wiy — (\73;’ +V, ) = v;;l +v, VqeB\{p},ic{\{m,,m,} withi <m, . ori>mm, (365)
53,@],2 —i—fvzqu — (ﬁg,mq +\7;:’mq) = Vg.mq + VZ;an YV ¢ € B\{p} with m, € Iq and m, =m,, | (366)
5,';7%,2 W, 1~ vqm = v';:;q Vg€ B\{p} withm, € I and m, # m,, (367)
&t WZ,W (¥ 3, + 7. ﬁnq) =+ v;;’mq V g € B\{p} with i, € I{ and i, =, (368)
& e+ Wi 1 =y ,’nq = vZ:ﬁqu V g € B\{p} with i, € I{ and m, # M, 41 (369)
B+l — (P TT) = vl Ve Viell\{m,,m,} (370)
e,,m 2+w,,m l—vj’,;l —vj’,*?’mp it m,elf (371)
& 2 W | = T = Vi ifm, el (372)
a2 T Wail — Wain = Wy VgeB,icll (373)
Wait — Wain = Wy VgeB,icljUIll (374)

Constraints corresponding to vertices [u,q,1, 3]
Wity — (04 0 5y = vt vl o Vg eB\{p},icl\{m,m,} withm,, <i<mig, (375
Wiy — (Pl 4900y = vl ey Vg€ B\{p}.i € I\{m m,} withi <m,., ori> g (376)
ngwz — (ﬁzmq +17;:,rn )= vq ” +vZ:’mq Y q € B\{p} withm, € I} and m,=m,.; (377)
WZ,@, ,— ﬁZ:fﬂq = ng,rr% Vg € B\{p} withm, € I} and m, #mg.; (378)
P g2 — (P, + Py ) = Vi, + Vi, V g € B\{p} withm, € I! and m, = m,41 (379)
Wy 1,2~ Vg = Vi, V g € B\{p} with m, € I{ and m, # g,y (380)
Wiy — (P + 9y = vl vl Viel\{m,,m,} (381)
W?Am,,@ ;’,:n = vp m, ifm, € If (382)
W 2= P fnp = v;’jﬁp if 7, € I (383)
Cyiz T Waip — (g + 7 +17“ 7)) = vy +v;;.l v Vg€ B\{p},ici\{m,,m,} withm, | <i<iig1 (384)
B+l — (T 00T = Vg€ B\{p}.i € I\ {m,,m,} withi < m,, ori> g (385)
52,&,,3 + Wz,mql (v Vm, + vg,rn )= vzmq + vZ:,’ﬂq Vg€ B\{p} withm, € 1Z and m,=m,. | (386)
Eqm, 3 T Wam,2 — Vgm, = Vm, Vg€ B\{p} withm, € I and m, #m,,, (387)
& g3 T W2 — (T 7, ’mq) = Vi v ", YV g € B\{p} with7ii, € I and 7, = 7,11 (388)
& s F Wm0 — ﬁ;fnq = vZ%q Y g € B\{p} with 7ii, € I{ and 7, # Tiig41 (389)
By Wy — (Tl 0T ) = vl V! VieP\{m,.m,} (390)
é;’,mp.g + Vv;mpz - 9;1;” =V m, if m, €Il (391)
&3+ W2 = P = Vi ifm, eIl (392)
Bl Wy — Wiz = Wi VgeBicl (393)
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Constraints corresponding to vertices [u,q,i,4]

Wiz — (Vq,—i—ﬁ”l—&—ﬁ”r) —vq,—&—vul—i—vg;r Vg e B\{p},ielj\{m,,m,} withm, | <i <7y
Wiy — (Pl 490y = v Vg€ B\{p},i € [{\{m,m,} with i <my,, ori> g
~Zm 53— (1727% +172:’mq) = vz‘mq —l—v;:&q Vg€ B\{p} withm, € If and m, = m,
ngmquﬁ(’;::q Z,’n vV q € B\{p} Withmqelg and m, # m, |
W 03— (P, Ty ) = Vi Vi V g € B\{p} with i, € I{ and i, = i,y
W s — ﬁZ:lmq = VZZlmq VY g € B\{p} with i, € I{ and 77, # g+

Wi — (! 4900y = vl Vi€ If\{m,.7i,}
W, 3~ P, = Vpm, if m, € I
W3 — P, = Vi, if 71, € I

Constraints corresponding to vertices [d,q, i, 1]

ol + 1 — O+ 91 =
57,m1,1 _HTﬁml ﬁ(ffnl = ?lml
& T — (0 + 05 +05) =i b g
Ml + l‘q (ﬁ;{mq + ﬁ;’;lmq + v‘;;;q) = v‘q{mq + vg;’mq + v‘q{fmq
q,mq,I 'Hq m, — (7 td17m +‘73:rrn )= Vfil-m +Vg:éq
q,mq,l + q.mg ( + Vq my + V ) - Vg.ﬁq + VZ:IW,I + VZ:%,{
53,%,,1 +fq.ﬁq7( qmq+vqmq) qmq+vqmq
&0 + 1% — Wiy = wiy
Constraints corresponding to vertices [d, g, i,2]
&+l — O + 71 =i v
éii,ml,z + Wil,ml,l ﬁtllrln, = V(ll rlnl
&+ — (500 00 = v v 0
&g, 2 F Wi, — (ﬁ;{m + 0+ ) = Vi, FVom, Vo,
;{m ) er my 1~ Vam, T ﬁg;} = vﬁim + vZ:,r,l
f]lmq,2 +w q g1 ( q My + Vq my + V ) VZ g + ijlmq + VZ:rmq

P ~d sdil oy o d d,l
q Mg,2 + Wq g, 1~ (Vq7ﬁq + Vq,mq) - Vq,ﬁq + Vq,mq
~d ~d __d
qul —Wai2 = Wyi2
d 4
2 + thl qi2 - quZ

Vie D\{m}

if iy € I}

VqeB\{1},i € B\{m,,mg}

Vg e B\{1} with m, € I] and m,_

1 <my,

Vg e B\{1} withm, €I andm, | =m,
V g € B\{1} withm, € I and m,_ > m,
Vg e B\{1} withm, € If and m,_ =m,

VqeB,iel!\(I]ul)

VienB\{m}

ifm €

Ve B\{1}.i€ \{m,,m,}

Vg€ B\{1} withm, en and m,  <m,

Vg e B\{1} withm, € I andm, | =m

q
Vg € B\{1} withm, € I{ and m,_, >my
Vg€ B\{1} withm, € I{ and m,_ =my

VgeB,icllul]

VgeBicll

(394)
(395)
(396)
(397)
(398)
(399)
(400)
401)

(402)

(403)
(404)
(405)
(406)
(407)
(408)
(409)
(410)

@11)
412)
(413)
(414)
(415)
(416)
417)
(418)

(419)
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Constraints corresponding to vertices [d, g, i,3]
&+ — (0 +90) =i+ Vie\{m} (420)
o+ W T, =i itmed] @
&+ Wi — (T + 7 +757) = v g vy Vg e B\{1},i € I{\{m,mg} (422)
g, 3 T Wam, 2~ T, + T4, +gm, ) = Vom, +Vem, VgeB\{1} withm, €I and m, | <m, (423)
&g, 3 T Wam, 2~ Vgm, T Tgm, = Vom, +Vm, VgeB\{1} withm, €I and m, |, =m, (424)
&3 W — (P, Vyme + Vgme) = Vi, +Vim, Vg e B\{1} withm, € I{ andim, | >m, (425)
&3 W — (P, Vg ) = Vi, +Vim, Vg e B\{1} withm, € I{ andm, | =m, (426)
Wiy — (O 5 = vl vy vie\{m} 427)
W2 — V0L =V ifmy €15 (428)
o — (Vg + 0 +05) = v+ v 0 Vg eB\{1},i € {\{m,,m,} (429)
W2 = (%, + T, +95m,) = Vim, + Vi, TVim, VgeB\{1} withm, € I{ andm, | <m, (430)
W2~ (Fm, + Tgm,) = Vom, +Vem, Vg eB\{1} withm, € I{ andm, | =m, (431)
W4 2 — (T, Vg, Vym ) = Vi Vi +Vim VqeB\{1} withim, € I and m, | >m, (432)
W2 — (T, + ) = Vi, + Vg, Vg eB\{1} withm, € I{ andm, | =m, (433)
iy Wiy — W3 = wiis VgeB,icl] (434)
Constraints corresponding to vertices [d,q,i,4]
Wi — 0+l = vl Vie\{m} (435)
W s v*fj’m = v‘{;’m 1 ifm; €1} (436)
Wy — (0% + 00+ 907) = v v vl Vg eB\{1},i € I\{m,,m,} (437)
Womy3 = Tgm, +95m, T 5m,) = Vom, TVim, +Vim, Vg eB\{1} withm, € I{ andm, | <m, (438)
W3~ Tgm, +Tgm.) = Vim, +Vm, VgeB\{1} withm, € I and m, | =m, (439)
Wy 1,3 — T, + Vym, + Vgma) = Vi, TV, +Vem Vg€ B\{1} with 7, € I{ and 7, | > 7, (440)
Wy 1,3 — (T, +5ym,) = Vi, +Vm, VgeB\{1} withm, € I andm, | =m, (441)
Constraints to link variables
i< M-l V (g,i) € F x (I0\{m? — 1,m%}) (442)
P <M-ry V(g,i) € (F\{1}) x (I7\{m}) (443)
Tai <M -y, V(g,i) € (F\{p+1}) x (I"\{m?}) (444)
ly < M-Iy, V (g,i) € F x (I"\{m?,m"+1})U{(1,2)}) (445)
gy <M1, V(q.i) € (F\{1}) x (I"\{m"}) (446)
lgi <M1, V(g:0) € (F\{p+1}) x (I"\{m}) (447)
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Constraints for the Domains of the Variables:

ryi €10,1}
re € {0,1}
rei €10,1}
Il e{o0,1}
19 € 40,1}
lyi €1{0,1}
€yt € {0,1}
qll €{0,1}
egn €10,1}
ein €{0,1}
g3 €10,1}
egl,-3 €{0,1}
tgi € {0,1}

tgi € {Oa 1}

vV (g:0) € (I

Y (g,i) €

(F\{p+1})x
(F\{p+1})x
F\{p+1}) x(
F\{p+1}) x (UL
F\{p+1}) x (I[guI{
F\{p+1}) x(
€ (F\{p+1}) x (I"\I{
V(g:) € (F\{p+1}) x (I"\I{
((urg) < {1,2h)u Iy x {1,2,3})
)
x 19

=

-
NN - N

m
—~ o~ o~ o~

)

1)

)

)

)

)

(I\I})

(I\I})

V(q.i,5) € Bx ((I5 x{1})U )
)

V(q.i,5) € Bx (15 x {1} U((I{ VL) x {1,2}) U (If x {1,2,3}
V (q.i) € (B\{p}) x

V (q.i) € Bx (I'\{m,})

V (q,i) € Bx (I'\{m,})

V(g.i) € (B\{1}) x I

V(g.i) € Bx ((I"\{m,}) U{(1,1)})

V (q,i) € Bx (I'\{mg})

Vae{lnu}

Y (gq,i) € F x (19\{m?— 1,m?}
(9,0) € (F\{1}) x (1"\{m"}
V(g,i) € (F\{p+1}) x (I"\{m"}

V(g,0) € Fx (I {m?, m* +-1}) U{(1,2)}
¥ (g,i) € (F\{1}) x (I"\{m"}

V(g,0) € (F\{p+1}) x (I"\{m"}

V(g,1) € (F\{p+1}) x (I"\I{
V(g.1) € (F\{p+1}) x (I"\I{
(9,) X (LUl
(9,) x (VI
(q:1) € (F\{p+1}) x (IGUI5
(a7) x (Il

e (F\{p+1})x
€ (F\{p+1})x

(I\I{

)
)
)
)
)
)
)
)
)
)
)
)
)
x (I\I{)

(448)
(449)
(450)
451)
(452)
(453)
(454)
(455)
(456)
(457)
(458)
(459)
(460)
(461)
(462)
(463)
(464)

(465)

(466)
(467)
(468)
(469)
(470)
471)
(472)
(473)
(474)
(475)
(476)
477)
(478)

479)
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~d,r
Vg = 0
o >0

5 >0

V(g,i,s) € Bx (I3 x {1} U (U3 UI5) x {1,2}) U (g x {1,2,3}))
V(g,irs) € Bx ((If x {1} U (I UI5) x {1,2}) U (15 x {1,2,3}))
V(g,i) € (B\{p}) x 1"

v (g,i) € Bx (I1\{my})

v (g,i) € Bx (I17\{my})

V(g,0) € (B\{1}) x 1

v (g,1) € Bx (I"\{m,}) U{(1,1)})

V (g,1) € Bx (I1"\{m,})

Vae{lru}

Y (g,i) € F x (I\{m? —1,m?}

v (g,0) € (F\{1}) < (I"\{m"}
V(g,i) € (F\{p+1}) x (I"\{m"}
V(g,0) € Fx (I {m?, m? +1}1) U{(1,2)}

v (g,i) € (F\{1}) x (I"\{m"}
vV (g,0) € (F\{p+1}) x (I"\{m"}
V(g.i) € (F\{p+1}) x (I"\I{
V(g,i) € (F\{p+1}) x (I\I
e (F\{p+1})x

) € ( (
1) € (F\{p+1}) x(
i) € ( (
) € ( (I

Bur

Bur

€ (F\{p+1}) x
€ (F\{p+1})x

V(g,i) € (F\{p+1}) x (I\[{

V(g:1) € (F\{p+1}) x (I\I{

¥ (g,i;s) € Bx (I3 x {1} U (I UI5) x {1,2}) U (I x {1,2,3})

¥ (g,i,5) € Bx (I x {1} LU (U I) x {1,2}) U (I x {1,2,3})

V(g;i) € (B\{p}) x 1

V(q,i) € Bx (1"\{m,})

v (g,1) € Bx (19\{my})

v (g,i) € (B\{1}) x I

v (g,i) € Bx ((I"\{my}) U{(1,1)})

v (g,i) € Bx (1\{my})

Voe{lnu}

q q
Ul

gurf

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

(480)
(481)
(482)
(483)
(484)
(485)
(486)
(487)
(488)
(489)
(490)
(491)
(492)
(493)
(494)
(495)
(496)
(497)
(498)
(499)
(500)
(501)
(502)
(503)
(504)
(505)
(506)
(507)
(508)
(509)
(510)
(511)
(512)
(513)
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